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ABSTRACT
A m od if ie d  s t a t i s t i c a l  model has been used to  generate meson
showers about which p h y s ic a l  in fo rm a t io n  is  ra th e r  complete. This
s t a t i s t i c a l  model is  "m o d i f ie d "  by c o n s t ra in ts  c o n s is t in g  o f  in p u t
in fo rm a t io n  based la r g e ly  on e x p e r im e n ta l ly  determined average p ro -
12p e r t ie s  o f  showers produced by nuc lear in te ra c t io n s  a t  about 10 eV.
The Monte C arlo  method is  used to  determ ine p ro p e r t ie s  o f  the produced 
p a r t i c le s  in the  cen te r-o f-m ass  system from the fo l lo w in g  in p u t in ­
fo rm a tio n : the angu la r d i s t r i b u t i o n  in  the cen te r-o f-m ass  system, the
tra n sve rse  momentum d i s t r i b u t i o n ,  and energy-momentum co n se rva t io n .
The average p ro p e r t ie s  o f  the r e s u l t in g  meson showers have symmetry 
between fo rw ard  and backward d ir e c t io n s  in  the  cen te r-o f-m ass  system, 
and the produced p a r t i c le s  possess o n ly  those c o r re la t io n s  in troduced  
by energy-momentum co n se rva t io n . The showers are transform ed to  the
la b o ra to ry  system us ing  the Lorentz t ra n s fo rm a tio n  correspond ing  to
I Pa nuc leon-nuc leon c o l l i s i o n  o f  3 x 10 eV ( la b o ra to ry  energy).
Some co n ve n t io n a l a n a ly s is  procedures are c a r r ie d  out w i th  the re ­
s u l t in g  Monte C arlo  j e t s  using parameters c a lc u la te d  from the angu la r 
d is t r ib u t io n s  o f  the charged p a r t i c le s .  The re s u l ts  g ive  in s ig h t  in to  
the  s e n s i t i v i t y  o f  the  parameters to  approx im ations used in  in t e r p r e t in g  
the parameters and in d ic a te  how w e l l ,  on the average as w e l l  as fo r
x
in d iv id u a l  j e t s ,  a parameter Y(0) is  a measure o f  the p h y s ic a l  q u a n t i t y  
y which the parameter is  expected to  re p rese n t.  The Castagnoli energy 
is  found, ra th e r  independently  o f  d e ta i l s  o f  the inp u t in fo rm a t io n ,  
to  overestim ate  the energy o f  a j e t  by an average fa c to r  o f  about 1. 8, 
w i th  s t a t i s t i c a l  f lu c tu a t io n s  causing a pp rox im a te ly  68 ° / o  o f  the 
measurements to  be w i t h in  a fa c to r  o f  2*3 o f  t h i s  average fa c to r .
Other parameters are  examined and are  found t o  be g e n e ra l ly  more sens i­
t i v e  to  the d e ta i l s  o f  the in p u t  in fo rm a t io n .  A lso  s tu d ied  are 
methods used f o r  observ ing  the angu la r d i s t r i b u t i o n  in  the cen te r-o f-m ass 
systemj these methods are  found to  p ro v id e  average in fo rm a t io n  expected 
o f  them. A ra th e r  complete in v e s t ig a t io n  us ing the Monte C arlo  j e t s  is 
made o f  the four-momentum t r a n s fe r  between two groups o f  the p a r t i c le s  
produced in  u l t r a - h ig h  energy in te r a c t io n s .  F i r s t ,  a parameter i n t r o ­
duced by Hasegawa and Yokoi f o r  measuring a d e l ib e ra te  underestim ate  o f  
t h i s  four-momentum t r a n s fe r  is  c a lc u la te d .  In gene ra l,  the re s u l ts  agree 
w i th  the experim enta l f in d in g s  o f  F u j i  oka e t  a_l., in  th a t  the values o f 
t h is  parameter are concen tra ted  above one nucleon mass. D e ta ile d  d i f ­
ferences between the Monte C ar lo  and the  exper im en ta l d is t r ib u t io n s  may 
be exp la ined by d i f fe re n c e s  between p ro p e r t ie s  o f  the Monte C arlo  and the 
experim enta l j e t s  a f t e r  c l a r i f i c a t i o n  o f  the p ro p e r t ie s  o f  the parameter. 
Next, a f t e r  assuming va lues o f  the masses and the transve rse  momenta o f  the 
baryons s u rv iv in g  the c o l l i s i o n ,  i t  was p o s s ib le  to  c a lc u la te  the a c tu a l 
va lue o f  the four-momentum t r a n s fe r  between two groups o f  the produced 
p a r t i c le s  fo r  the Monte C arlo  j e t s .  The Hasegawa and Yokoi parameter is  
found to  underestimate t h i s  a c tu a l  va lue  by a fa c to r  o f  about 0 . 6±0 . 2, the 
l im i t s  d e f in in g  the approximate 68 %  con fidence  in te r v a l  fo r  s t a t i s t i c a l
f lu c tu a t io n s  o f  in d iv id u a l  measurements about the mean fa c to r  0 . 6 . 
F in a l l y ,  the d i s t r i b u t i o n  o f  t h i s  a c tu a l  va lue  i t s e l f  shows a mean 
around two nucleon masses, in d ic a t in g  th a t  j e t s  having average p ro p e r t i  
l i k e  the Monte C arlo  j e t s  belong to  a d i f f e r e n t  c la s s  o f  events from 
those encompassed by " l i n k e d - p e r ip h e r a l "  models f o r  which v i r t u a l  
it-meson t r a n s fe r  predominates.
CHAPTER I 
INTRODUCTION
jo
In many s tu d ie s  o f  u l t r a - h ig h  energy (~10 eV) in te ra c t io n s ,  
experim enters must o f  n e c e s s i ty  deduce most o f  the p ro p e r t ie s  o f  the 
in te ra c t io n s  from o n ly  the angu la r d i s t r i b u t i o n  o f  the produced shower 
(charged) p a r t i c le s .  The exper im enta l data are meager because the 
d e te c to r  is  u s u a l ly  nuc lea r emulsion in  which no method e x is ts  a t  
p resen t f o r  measuring a c c u ra te ly ,  from i t s  t ra c k  a lone , the energy 
o f  an u l t r a - r e l a t i v i s t i c  charged p a r t i c le .  The l im i te d  na ture  o f  the 
experim enta l data req u ire s  the  researcher to  employ approx im ations in 
o rder to  be ab le  to  d e r ive  n o n - t r i v i a l  in fo rm a t io n  about p ro p e r t ie s  o f  
the in te ra c t io n s .  To e va lu a te  p ro p e r ly  the s ig n i f ic a n c e  o f  in fo rm a t io n  
so ob ta in e d , i t  is  ra th e r  im po rtan t to  know the e f fe c t s  o f  the a p p ro x i­
mations used as w e l l  as the  e f fe c t s  o f  s t a t i s t i c a l  f lu c tu a t io n s .  However, 
these e f fe c t s  may be determined e x a c t ly  o n ly  w i th  the a id  o f  a group o f  
these shower-producing in te ra c t io n s  ( je t s )  about which a l l  p h y s ic a l  
d e ta i l s  are known. Because i t  is  no t p o ss ib le  a t  p resen t to  o b ta in  such 
a group o f  u l t r a - h ig h  energy j e t s  e x p e r im e n ta l ly ,  i t  was the purpose o f  
t h is  work to  generate a r t i f i c i a l  j e t s  fo l lo w in g  some model which would 
p rov ide  f a i r l y  complete knowledge o f  p h ys ica l q u a n t i t ie s  invo lved  and 
which would y ie ld  j e t s  having p ro p e r t ie s  c lo s e ly  approx im ating  
experim enta l p ro p e r t ie s  known about u l t r a - h ig h  energy in te ra c t io n s .
1
2A m o d if ie d  s t a t i s t i c a l  model has been employed fo r  gene ra t ing  the
a r t i f i c i a l  j e t s .  The model is  " s t a t i s t i c a l "  in  th a t  a Monte C arlo
procedure was fo l lo w e d  f o r  gene ra t ing  the j e t s .  The a d je c t iv e  "m o d i f ie d "
means th a t  the d i s t r i b u t i o n  o f these j e t s  in  the momentum (phase) space
a v a i la b le  fo r  the  in te r a c t io n  is  no t un ifo rm  but is  m o d if ie d  by w e l l -
de fined  in p u t  in fo rm a t io n ,  much o f  which is  based on exper im enta l data
12from nuc lea r in te ra c t io n s  around 10 eV. This insures th a t  t h e a r t i f i c a l  
j e t s  have average p ro p e r t ie s  o f  p h y s ic a l  j e t s .  S p e c i f i c a l l y ,  th is  
m od if ied  s t a t i s t i c a l  model e n ta i l s  the fo l lo w in g .  The cen te r-o f-m ass  
system p ro p e r t ie s  o f  each o f  a l l  bu t one o f  the produced p a r t i c le s  o f  a 
j e t  were chosen using the Monte Carlo, techn ique  from in p u t  in fo rm a t io n  
c o n s is t in g  o f the  transverse-momentum d i s t r i b u t i o n  and the  angu la r 
d i s t r i b u t i o n .  The p ro p e r t ie s  o f  the  o th e r  p a r t i c l e  were determined by 
the c o n d i t io n  th a t  the  net momentum o f  the produced p a r t i c le s  is  ze ro  in  
the cen te r-o f-m ass  system. The type (e .c j . , charged it meson, n e u t ra l  
x meson, e t c . ) o f  each p a r t i c le  was a ls o  chosen by the Monte C arlo  
technique from experim enta l data . Each j e t  was generated com p le te ly  in  
the cen te r-o f-m ass  system and then transform ed to  the  la b o ra to ry  system 
using an .exac t Lorentz t ra n s fo rm a t io n .  The e f f e c t  o f  in p u t  in fo rm a t io n  
on the re s u l ts  was determined by g ene ra t in g  se ve ra l j e t  samples, each 
corresponding to  d i f f e r e n t  in p u t  in fo rm a t io n .  These j e t  samples w i l l  be 
re fe r re d  to  as "Monte C arlo  sam p les,"  each o f  which corresponds to  a 
p a r t i c u la r  choice o f  inp u t in fo rm a t io n ,  where each d i f f e r e n t  choice o f  
inpu t in fo rm a t io n  is  a d i f f e r e n t  "Monte C a r lo m o d e l . "
Some common a n a ly s is  procedures used on exper im enta l j e t s  are 
c a r r ie d  ou t us ing  the Monte C arlo  j e t s ,  as they w i l l  be c a l le d .  The 
re s u l ts  o f  such a n a ly s is  procedures are compared w ith  the in fo rm a t io n  the 
analyses are expected to  p rov ide .
The Monte C ar lo  j e t s  are u t i l i z e d  in  another manner. For c e r ta in  
parameters, the d is t r ib u t io n s  were ob ta ined  from the Monte C ar lo  j e t s  f o r  
the purpose o f  comparison w i th  a correspond ing  d i s t r i b u t i o n  ob ta ined  
from exper im enta l data on p h y s ic a l  j e t s .  I t  is  expected th a t  agreement 
o r  disagreement o f  an exper im enta l d i s t r i b u t i o n  w ith  the corresponding 
d i s t r i b u t i o n  f o r  the Monte C arlo  j e t s  w i l l  in d ic a te  p ro p e r t ie s  which can 
o r  cannot be e xp la ine d , as the case may be, in  terms o f  s t a t i s t i c a l  
f lu c tu a t io n s  and /o r p ro p e r t ie s  o f  the Monte C arlo  models.
(n Chapter I I ,  d e ta i l s  o f  the Monte C arlo  models a re  e xp la in e d , 
and the r e s u l t in g  p ro p e r t ie s  o f  the Monte C arlo  j e t  samples generated 
from these models are examined. In Chapter I I I ,  some j e t  a n a ly s is  
procedures are examined us ing the Monte C arlo  j e t s .  Chapter IV is  
devoted to  an a n a ly s is  o f  the four-momentum t ra n s fe r  between two groups 
o f  the p a r t i c le s  produced in  u l t r a - h ig h  energy j e t s .  F in a l l y ,  seme 
conc lud ing  remarks are made in  Chapter V as to  p o s s ib le  v a r ia t io n s  on 
the m o d if ie d  s t a t i s t i c a l  model used in  t h i s  work.
CHAPTER I !
THE MONTE CARLO MODELS
The procedure used to  generate the Monte C arlo  j e t s  is  s im i la r  to
th a t  which has been used by Lohrmann, Teucher, and S ch e in .* The secondaries
o f  Monte C arlo  j e t s  co n s tru c te d  us ing th is  method possess no c o r re la -
t io n s  o th e r  than those imposed by energy-momentum conserva t ion .
For these models the t o t a l  number o f  p a r t i c le s  produced in  each
in te r a c t io n  was taken to  be 16, s ince  t h i s  is  p robab ly  the approximate
number which are produced in  nuc leon-nuc leon c o l l i s io n s  a t  energ ies 
12 3-7»10 eV. 1 For a p a r t i c u la r  Monte C arlo  j e t ,  the center-o f-m ass
*E. Lohrmann, M. W. Teucher, and Marcel Schein, Phys. Rev. 122,
672( 1961) .
2
No a tte m p t is  made here to  in co rp o ra te  in to  the models the 
e f fe c t s  o f  such in te rm e d ia te  p a r t i c le s  as p , oi, 77, f ,  K*, e t c . I f  the 
p ro du c t io n  o f  such in te rm e d ia te  p a r t i c le s  is  s i g n i f i c a n t  in  p h ys ica l  j e t s ,  
the number o f  independent em issions would be lowered, the re  would be 
g re a te r  r e s t r i c t i o n s  on the  a v a i la b le  phase space, and in  general many 
o f  the d is t r ib u t i o n s  considered below would tend to  be w ide r .
JR. L. F r ic ke n , Ph.D. th e s is ,  Louis iana S ta te  U n iv e rs i t y ,  Baton 
Rouge, Lou is iana , 1963 (u np u b l ish e d ),  p. 50*
L
F. Abraham, J. K idd, M. Koshiba, R. Levi S e t t i ,  C. H. Tsao,
W. W o lte r ,  C. L. Deney, R. L. F r icken , and R, W. Huggett, Proceedings o f 
the B r i s t o l  Conference on U lt ra -H ig h  Energy Nuclear Physics, 1963 
(unpub lished).
5
^A. G. Barkow, B. Chamany, D. M. Haskin, P. L. J a in .  E. Lohrmann, 
M. W. Teucher, and Marcel Schein, Phys. Rev. 122, 617 (1961).
^C. B. A. McCusker and L. S. Peak, Nuovo Cimento 3>I> 525 (1964).
^P. K. M a lh o tra , Nucl. Phys. 46, 559 ( 1963) .
system emission angle  0 and az im u tha l angle  <p f o r  each o f  the f i r s t  15 
p a r t i c le s  were chosen in  a random manner from the angu la r d is t r ib u t io n s  
described below. For a l l  j e t s  the d i s t r i b u t i o n  o f  az im u tha l angles was
•jjf
taken to  be un ifo rm  over the range 0 to  2rt. For .tw_o__models o f  j e t s ,  0
^  ,$c *Sc
values were determined us ing  the d i s t r i b u t i o n  S(0 )dft «  ( l / s i n 0  )dft s ince  
t h i s  d i s t r i b u t i o n  appears to  d e sc r ib e  the  observed average angu la r
Q _  i  p  • •
d is t r ib u t i o n  o f  the p a r t i c le s  e m it te d  from p h y s ic a l  j e t s .  For purposes
o f  comparison, 0 va lues fo r  two a d d i t io n a l  models o f  j e t s  were determined
us ing an is o t r o p ic  angu la r d i s t r i b u t i o n .
Next, the transve rse  momentum pt  f o r  each o f  the f i r s t  15 p a r t i c le s
o f  each Monte C arlo  j e t  was chosen randomly, and hence independently  o f
0 , from an assumed p^ . d i s t r i b u t i o n .  Two p„ d is t r i b u t i o n s  were used. Onet  t
was the skewed d i s t r i b u t i o n  (SPT) g iven by S(pt ) dp^ «  d p ^ ^ e x p ( - p t /p Q) •
This d i s t r i b u t i o n  w i th  p = 0.19 BeV/c (and (p '>  = 2p '= O.38 BeV/c) waso t  o
adopted because i t  appears to  be c o n s is te n t  w i th  o bse rva t ions  made a t
13 lkcosm ic-ray as w e l l  as a t  a c c e le ra to r  e n e rg ie s . * M a in ly  f o r  
comparison purposes, a Gaussian pt  d i s t r i b u t i o n  (GPT) o f  the  form
g
Lohrmann e t  a j^., op. c i t .
9 F r icken , 0£. c i  t . , p. 29*
^ M . Koshiba, Brookhaven N a t io n a l Labora to ry  Report BNL 772 
(T-290), 1962 (unpub lished ), p. 18.
**B. Edwards, J. Losty , D. H. P e rk ins , K. Pinkau, and J. Reynolds, 
P h i l .  Mag. 237 (1958).
12 cS. Hasegawa, J. N ishimura, Y. N ish imura, Nuovo Cimento 6
979 (1957)-
^ E .  Lohrmann, Nuovo Cimento, Suppl. ( in  p re ss ) .
l i fG. Cocconi, L. J. Koester, and D. H. P e rk ins , U n iv e rs i t y  o f 
C a l i fo r n ia ,  Lawrence R ad ia t ion  Labora to ry  Report U C |D - - lW t ,  High-Energy 
Physics Study Seminars No. 28 (P a rt 2 ) ,  1961 (unpub lished).
G(pt )dp t  «  dpt e x p [ - ( p t  -  <pt > )2/2CT2]  w i th  <pt > = 0 .37  BeV/c and
(J = 0 .14 BeV/c has been used. Th is  l a t t e r  d i s t r i b u t i o n  represents w e l l
the c o rre c te d  n e u t ra l  p ion  pt  d i s t r i b u t i o n  ob ta ined from the e a r ly  work
15o f  the Japanese emulsion chamber group. ^
As a r e s u l t  o f  the  use o f  the procedures described above, the f i r s t
15 p a r t i c le s  o f  each Monte C arlo  j e t  have u n co rre la te d  values o f  0 * ,  <p,
and p t , as w e l l  as u n co rre la te d  va lues o f  lo n g i tu d in a l  momentum and pt «
16* 18This is  c o n s is te n t  w i th  observed p ro p e r t ie s  o f  j e t s .  Of course,
these q u a n t i t ie s  f o r  a l l  o f  the p a r t i c le s  in  a p h y s ic a l  j e t  a re  s l i g h t l y
c o r re la te d  because o f  momentum and energy con se rva t ion . In p r in c ip le ,
k
the process o f  s e le c t in g  0 , cp, and p t  f o r  every p a r t i c l e  a f t e r  the f i r s t  
should not have been e n t i r e l y  random because the a v a i la b le  volume in  
phase space d im in ishes somewhat as each p a r t i c le  is  assigned 0 , <p, and 
Pt  va lues . Because o f  the r e l a t i v e l y  la rge  a v a i la b le  energy which w i l l  
be assumed and because o f  the r e l a t i v e l y  la rge  numbers o f  p a r t i c le s  in  
each j e t ,  the energy-momentum c o n s t r a in t  does not s e r io u s ly  r e s t r i c t  the
■it
a llow ed 0 , <p, and p^ va lues u n t i l  the la s t  few p a r t i c le s  o f  each j e t
are assigned these q u a n t i t ie s .  Due to  these c o n s id e ra t io n s  and the
se r ious  p r a c t i c a l  d i f f i c u l t i e s  in  t r e a t in g  the energy-momentum c o n s t ra in t
*
e x a c t ly ,  th is  c o n s t ra in t  has been ignored in  the  s e le c t io n  o f the 0 , <p,
^ 0 .  Minakawa, Y. N ish imura, M. Tsuzuki, H. Yamanouchi, H. A izu ,
H. Hasegawa, Y. I s h i i ,  S. Tokunaga, Y. Fu jim oto , S. Hasegawa, J. N ishimura, 
K. N iu, K. N ishikawa, K. Imaeda, and M. Kazuno, Nuovo Cimento, Suppl.
H ,  125 (1959).
^ K o s h ib a ,  ogi. c i t .
17'Cocconi et, § ! • ,  o^. c i  t .
18S. J. Lindenbaum and R. M. Sternheimer, Brookhaven N a t iona l 
Labora tory  Report BNL 772 (T-290), 1962 (unpub lished ), p. 32.
7and pt  va lues f o r  the  f i r s t  15 p a r t i c le s  o f  each j e t ,  whereupon the 
requirement o f  the va n is h in g  o f  the ne t momentum o f  the 16 produced 
p a r t i c le s  has been used to  determ ine these q u a n t i t ie s  f o r  the l 6 th 
p a r t i c le .  The c o r r e la t io n  thus imposed between the  momentum o f  the 
l 6 th  p a r t i c l e  and the  momenta o f  the o th e r  p a r t i c le s  is  abnorm ally  la rge  
s ince  th is  one c o r r e la t io n  must compensate fo r  the sm a ll momentum 
c o r re la t io n s  th a t  should e x is t  among a l l  the  p a r t i c le s .  I t  is  reasonable 
to  expect th a t  on the  average the c o r r e la t io n  imposed in  t h is  approximate 
way w i l l  have e f fe c t s  s im i la r  to  those th a t  would have re s u lte d  had a l l  
the momenta been p ro p e r ly  c o r re la te d .
The re fo re , the  t o t a l  momentum o f  the 16 produced p a r t i c le s  o f  
eve ry  Monte C arlo  j e t  is  ze ro  in  the co o rd in a te  system in  which the j e t s  
are co n s tru c te d . This system w i l l  be the  cen te r-o f-m ass  system fo r  the 
c o l l i s i o n ,  under the assumption made in  these models th a t  in  the c e n te r -  
of-mass system o f  the c o l l i s i o n  the net momentum o f  the s u rv iv in g  
c o l l i s i o n  p a r tn e rs  is  ze ro . The s u rv iv in g  c o l l i s i o n  pa r tn e rs  a re  not 
considered to  be any o f  the 16 p a r t i c le s  assigned 0* ,  <p, and pt  va lues 
as described above.
In o rde r to  be ab le  to  c a lc u la te  cen te r-o f-m ass  system energ ies
E. and in  o rde r to  have an assignment o f  which p a r t i c le s  are charged
and which are  n e u t ra l ,  each produced p a r t i c l e  was chosen to  be a charged
pi on, n e u t ra l  p io n , charged nonpion, o r  n e u t ra l  nonpion w i th  the
p r o b a b i l i t i e s  f o r  assignment o f  each type be ing , re s p e c t iv e ly ,  0 . 1+9,
0.2*+, 0 .12, and 0 . 15. These p r o b a b i l i t i e s  correspond to  the e x p e r im e n ta l ly
19determined average com pos it ion  o f  j e t s .  The use o f  t h i s  procedure 
re s u l ts  in  b ino m ia l m u l t i p l i c i t y  d i s t r ib u t i o n s  fo r  each p a r t i c le  type .
19Koshiba, oj3. c i  t .
8A t y p ic a l  d i s t r i b u t i o n  o f  charged p a r t i c l e  m u l t i p l i c i t y  ng is  shown in
F ig . 1. The mean va lue  o f  ng is  9*8 . A l l  p a r t i c le s  were assigned
masses c o n s is te n t  w i th  the p a r t i c le - t y p e  assignment, w i th  the  nonpions
being assigned the K - p a r t ic le  mass.
A lthough the energy th a t  should correspond to  the Monte C arlo  j e t s
has a lre a d y  been in fe r re d  from re q u i r in g  th a t  the number o f  produced
p a r t i c le s  be 16, a t  t h i s  p o in t  the s p e c i f i c  assumption is  made th a t  each
Monte C arlo  j e t  r e s u l ts  from a c o l l i s i o n  which in  the la b o ra to ry  system
12invo lves  a nucleon w i th  energy E = 3 x  10 eV in c id e n t  upon a nucleon a t
re s t .  The energy W a v a i la b le  in  the  cen te r-o f-m ass  system o f  such a
c o l l i s i o n  is  73 BeV. Each j e t ,  in  o rd e r to  be c o n s is te n t  w i th  energy
co n se rva t ion , must then s a t i s f y  the r e la t io n  E . .E .  ^  W = 7 3  BeV7 7 a l l  i '
(where E ^ j  denotes summation over a l l  produced p a r t i c le s )  s ince  in  
these models i t  is  assumed th a t  the p a r t  o f  the a v a i la b le  energy not 
c a r r ie d  o f f  by the produced p a r t i c le s ,  W -  E ^ jE. , is  the energy c a r r ie d  
o f f  by the s u rv iv in g  nucleons. I t  then tu rn s  ou t th a t  a l l  j e t s  con­
s tru c te d  using the is o t r o p ic  angu la r d i s t r i b u t i o n  s a t i s f i e d  the energy
conserva tion  requirem ent, w h i le  12 %  o f  the j e t s  cons tru c ted  us ing the 
*ic
( l /s in ©  )dQ d i s t r ib u t i o n  were re je c te d  because they d id  no t s a t i s f y  
th i  s requi rement.
App ly ing  the procedure o u t l in e d  above and us ing  the va r io us  
combinations o f  the two 0 and the two pt  d is t r i b u t i o n s ,  fo u r  samples 
each c o n s is t in g  o f  200 events which s a t i s f y  the momentum and energy 
conserva tion  laws were ob ta ined. These samples w i l l  hence fo rth  be 
id e n t i f i e d  by the models used to  generate them: SPTI, SPTS, GPTI, and
GPTS. In these d es igna tions , the  f i r s t  th re e  l e t t e r s  denote the pt
9F igu re  1
T yp ica l Charged P a r t i c le  M u l t i p l i c i t y  D is t r ib u t io n  
fo r  a Sample o f  200 Monte C ar lo  Je ts
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d i s t r i b u t i o n  and the fo u r th  l e t t e r  denotes the 8 d is t r i b u t i o n .
To a s c e r ta in  the e f f e c t  o f  charged p a r t i c le  m u l t i p l i c i t y  on the w id ths
o f  the d is t r ib u t i o n s  discussed below, a s u f f i c i e n t  number (which turned
out to  be S k i)  o f  SPTS je t s  were generated to  o b ta in  a sample o f  200
energy-conserv ing  events w ith  the same c h a rg e d -p a r t ic le  m u l t i p l i c i t y  o f
10. This sample is  named SPTS (ng = 10).
The ta b u la t io n s  d e sc r ib in g  the va r ious  d is t r ib u t i o n s  f o r  the fo u r
samples w i l l  be arranged in the o rder GPTI, SPTI, GPTS, and SPTS s ince
th is  is  u s u a l ly  the o rder o f  decreasing "compactness" o r narrowness o f
the d i s t r i b u t i o n  o f  a p a r t i c u la r  q u a n t i t y  c h a ra c te r iz in g  the p a r t i c le s
in  a g iven sample. The SPTS (ng = 10) re s u l ts  w i l l  be l i s t e d  next to  the
SPTS re s u l t s  f o r  d is t r ib u t io n s  which may be a f fe c te d  by ng v a r ia t io n .
For reasons g iven p re v io u s ly ,  the j e t s  in  the SPTS sample have avefage
p ro p e r t ie s  most s im i la r  to  p h y s ic a l  j e t s . , .
F igures 2 -6  show the e s s e n t ia l  fea tu res  o f  the 0 , (p, and pfc
k
d is t r ib u t i o n s  f i n a l l y  ob ta ined . Figures 2 and 3 p resen t t y p ic a l  0
*k -V
d is t r ib u t i o n s  f o r  samples fo r  which the is o t r o p ic  and the ( l / s i n 0 )d0' 
angu la r d i s t r ib u t i o n s  were used, [ t  is  obvious in  each f i g u r e  th a t  the 
d i s t r i b u t i o n  f o r  the l 6 th  p a r t i c le  is  more peaked toward 0°  and 180° 
than the d i s t r i b u t i o n  used f o r  the f i r s t  15 p a r t i c le s .  For GPTI and 
SPTI, the r e s u l t in g  o v e r - a l l  d is t r ib u t io n s  are consequently  s l i g h t l y  
more peaked than an is o t r o p ic  d is t r i b u t i o n .  However f o r  GPTS and SPTS, 
the events re je c te d  f o r  f a i l i n g  to  s a t i s f y  the e n e rgy -con se rva t io n  
requirem ent were somewhat en r iched  w ith  p a r t i c le s  having angles near 
0°  and 180° ,  so th a t  the average angu la r d i s t r i b u t i o n  does not d i f f e r
pQ
For example, GPTI denotes Gaussian pt  d i s t r i b u t i o n ,  i s o t r o p ic  
angu la r d i s t r i b u t i o n j  SPTS denotes skewed pt  d i s t r i b u t i o n ,  ( l / s in 0 * ) d f t *  
angu la r d i s t r i b u t i o n j  e t c .
F igu re  2 j
T yp ica l Angular D is t r ib u t io n  in  the Center-of-Mass
System from a Monte C arlo  Sample using the
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S o l id  l in e :  a c tua l d i s t r i b u t i o n  f o r  a l l  p a r t i c le s .  Dashed l in e :
is o t r o p ic  d i s t r i b u t i o n ,  which was used f o r  the f i r s t  15 p a r t i c le s  o f  
each j e t ,  normalized to  the t o ta l  number o f  p a r t i c le s .  Cross-hatched 
area; d i s t r i b u t i o n  f o r  the  16th  p a r t i c le s  o n ly .
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S o l id  l in e :  a c tua l d i s t r i b u t i o n  f o r  a l l  p a r t i c le s .  Dashed l in e :
( l / s i n 0* )d Q *  d i s t r i b u t i o n ,  which was used f o r  the f i r s t  15 p a r t i c le s  
o f  each j e t ,  normalized to  the t o ta l  number o f  p a r t i c le s .  Cross- 
hatched area: d i s t r i b u t i o n  o f  the 16 th  p a r t i c le s  o n ly .
tC A
g r e a t ly  from a ( l / s i n 0  )dft d i s t r i b u t i o n .  In  any case, the e f f e c t  o f  
the l 6 th  p a r t i c le s  on an o v e r - a l l  d i s t r i b u t i o n  is  ra th e r  s m a ll j  the
p
X p r o b a b i l i t y  f o r  s t a t i s t i c a l  f l u c tu a t io n s  a lone to  cause a d e v ia t io n  
la rg e r  than th a t  ob ta ined is  21 %  f o r  the GPTS sample and is  g re a te r  
than kk  %  fo r  the o th e r  th ree  samples.
A t y p ic a l  <p d i s t r ib u t i o n  is  presented in  F ig . k . The <p d is t r i b u t i o n
f o r  the 16th  p a r t i c le  is  n e a r ly  the same d i s t r i b u t i o n  th a t  was used fo r
the f i r s t  15 p a r t i c le s ;  hence the o v e r - a l l  d i s t r i b u t i o n  de v ia tes  l i t t l e
pfrom the  l a t t e r  d i s t r i b u t i o n .  For a l l  fo u r  samples, the x  p r o b a b i l i t y  
is  g re a te r  than 67 %  fo r  s t a t i s t i c a l  f lu c tu a t io n s  to  cause d e v ia t io n s  
la rg e r  than those observed.
T yp ica l p t  d is t r ib u t io n s  ob ta ined are  shown in  F igs . 5 and 6 . Mean 
va lues o f  pt  are g iven in  Table I .  The p t  d i s t r i b u t i o n s  fo r  the l 6 th  
p a r t i c l e  are d i s t i n c t l y  d i f f e r e n t  from those used fo r  the f i r s t  15
p a r t i c le s .  In  genera l, the d i s t r i b u t i o n  o f  p^ va lues f o r  the 16th  p a r t i c l e
is  much broader and i t  extends to  co n s id e ra b ly  la rg e r  va lues , causing 
< P t > f o r  the l 6th  p a r t i c le  to  be g re a te r  than th a t  f o r  the o th e r  p a r t i c le s  
by a fa c to r  o f  3 to  k . Because o f  the c o n t r ib u t io n  caused by the l 6 th  
p a r t i c l e ,  the p fc d i s t r i b u t i o n  f o r  a l l  the p a r t i c le s  in  a g iven sample has 
a sm all t a i l  ranging up to  n e a r ly  5 BeV/c. Th is  t a i l  c o n s t i t u te s ,  however,
o n ly  from 3-5 °/b o f  the area o f  an o v e r - a l l  d i s t r i b u t i o n .  From the  way
in  which the j e t s  were co ns tru c te d , o n ly  the l 6 th  p a r t i c l e  m igh t have 
a c o r r e la t io n  o f  p t  w i th  0 . However, i t  was v e r i f i e d  f o r  each sample 
th a t  the pt  and 0# values fo r  the lo th  p a r t i c l e  have no s ig n i f i c a n t  
c o r r e la t io n .
Thus, under the assumption th a t  in  the cen te r-o f-m ass  system the 
s u rv iv in g  nucleons have zero ne t momentum and th a t  they c a r ry  o f f  th a t  
p a r t  o f  the a v a i la b le  energy no t possessed by the  produced p a r t i c le s ,
1 4
F igure  k
T yp ica l D is t r ib u t io n  o f  Azimuthal Angles <p 
from a Sample o f  Honte C arlo  Je ts
SPTS
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0  120 240 . 360 
<t> (DEGREES)
S o l id  l in e :  ac tua l d i s t r i b u t i o n  fo r  a l l  p a r t i c le s .  Dashed l in e :
random (ft d i s t r i b u t i o n ,  which was used f o r  the f i r s t  15 p a r t i c le s  o f  
each j e t ,  norm alized to  the t o ta l  number o f  p a r t i c le s .  Cross-hatched 
area: d i s t r i b u t i o n  o f  the 16 th  p a r t i c le s  o n ly .
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F ig u re  5
T yp ica l pt  D is t r ib u t i o n  from a Monte C arlo
Sample us ing  the Gaussian pt  D is t r ib u t io n
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Pt (BEV/O
S o l id  l i n e :  ac tua l d i s t r i b u t i o n  f o r  a l l  p a r t i c le s .  Dashed l in e :
Gaussian d i s t r i b u t i o n ,  which was used f o r  the f i r s t  15 p a r t i c le s  o f 
each j e t ,  normalized to  the t o t a l  number o f p a r t i c le s .  Cross-hatched 
area: d i s t r i b u t i o n  f o r  the 16 th  p a r t i c le s  o n ly .
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F igu re  6
T yp ica l p t  D is t r ib u t io n  from a Monte C arlo
Sample us ing  the Skewed p t  D is t r ib u t io n
SPTS
2 4 0 0
li.
° 3 0 0
200
1 0 0
10 ^ 0 30 40 500
pt (BEV/C)
S o l id  l in e :  ac tua l d i s t r i b u t i o n  f o r  a l l  p a r t i c le s .  Dashed l in e :
skewed d i s t r i b u t i o n ,  which was used fo r  the f i r s t  15 p a r t i c le s  o f  
each j e t ,  normalized to  t o ta l  number o f  p a r t i c l e s .  Cross-hatched 
area: d i s t r i b u t i o n  f o r  the 16 th  p a r t i c le s  o n ly .
TABLE I
Average Values of pt , E*, and K*
Quanti tya GPT! SPT!
Sample
GPTS SPTS SPTS
(ns= 10)
V e h 0.44 0.47 0.43 0.46 0.44
V a i l 0.43 0.46 0.43 0.46 0.46
V l -15 0-37 0.38 0-37 O.38 0.39
V u s t ! . 1.4 1.6 1.4 1.6 1.6
O.78 O.83 1-7 1.7 1.6
<E\ - 1 5 O.65 0.68 1.3 1-3 1.2
<E* > l6 th 2 .6  - 3-0 7.6 7 .6 7.8
<K*> 0.17 0.18 O.36 0.36 0.36
aA l l  momenta are  in  BeV/c and a l l  energ ies  a re  in  BeV. A s u b s c r ip t  
a f t e r  a c lo s in g  angu la r b ra cke t in d ic a te s  the p a r t i c le s  inc luded  in  the 
average.
IT
j e t s  which s a t i s f y  the energy-momentum conserva t io n  laws and which have 
average p ro p e r t ie s  in  f a i r  agreement w i t h  c e r ta in  s p e c i f ie d  d is t r ib u t i o n s  
have been con s tru c ted  in  the cen te r-o f-m ass  system.
The cen te r-o f-m ass  system energy d is t r ib u t i o n s  ob ta ined f o r  each 
samp le -a ^e- p r es an te d in  F ig . 7  a n d a t a b u  l a t i  on-of—mean va l ues -is-§4-ven — 
in  Table I .  In  a l l  samples the most p robab ly  energy is  in  the range 
O.5-O. 6 BeV. I t  is  apparent th a t  the energy d i s t r i b u t i o n  o f  the l 6 th  
p a r t i c l e  is  d i f f e r e n t  from th a t  f o r  the re s t  o f  the p a r t i c le s ,  be ing
broader and having a mean va lue k  to  6 times la rg e r  than th a t  f o r  the
o th e r  p a r t i c le s .
The i n e l a s t i c i t y  K o f  an in te r a c t io n  is  d e f ined  to  be the  f r a c t i o n
o f  the a v a i la b le  energy possessed by the produced p a r t i c le s .  The c e n te r -
of-mass system i n e l a s t i c i t y  fo r  a Monte C arlo  j e t  is  then g iven by K =
S , .E .  /W . In fo rm a t io n  on the mean K va lues is  g iven in  Table [ .  For a l l  1 - - 3
these samples, the d is t r ib u t i o n  o f  K is  determined p r im a r i ly  by the
angu la r  d i s t r i b u t i o n  ra th e r  than the  p^ d i s t r i b u t i o n  employed, hence 
in  F igs . 8 and 9 are presented t y p ic a l  K* d is t r ib u t i o n s  f o r  each o f  the
two angu la r d is t r ib u t io n s  used. The peaks o f  the d is t r ib u t i o n s  occur
*  21 around K = 0 .2 ,  c o n s is te n t  w ith  exper im enta l o bse rva t io n s . The mean
i n e l a s t i c i t y  o f  O.36 f o r  the j e t s  in  the  SPTS sample, which best
approximates the average p ro p e r t ie s  o f  p h y s ic a l  j e t s ,  is  in  good
agreement w ith  average i n e l a s t i c i t i e s  which have been e x p e r im e n ta l ly
22“ 2*tdeterm ined by a number o f  methods.
21Koshiba, ojj. c i  t .
22F r icken , op. ci t . , p. *45.
^ B .  Pe te rs , Proceed!ngs o f  the 1962 In te rn a t io n a l  Conference on 
High-Energy Physics a t  CERN e d ite d  by J. P re n tk i ,  (CERN S c ie n t i f i c  Informa 
t io n  S e rv ice , Geneva, 1962) ,  p. 623*
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F igu re  7(a)
L o g a r i th m ic  D is t r ib u t io n  o f  the Center-of-Mass
Energy f o r  P a r t i c le s  o f  the GPTI Sample
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S o l id  l in e :  d i s t r i b u t i o n  f o r  a l l  p a r t i c le s .  Cross-hatched area:
d i s t r i b u t i o n  f o r  16 th  p a r t i c le s  o n ly .
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F igu re  7(b)
L o g a r i th m ic  D is t r ib u t io n  o f  the Center-of-Mass
Energy f o r  P a r t i c le s  o f  the SPTI Sample
LOG Ei
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05 50 IQO 500
S o l id  l in e :  d i s t r i b u t i o n  f o r  a l l  p a r t i c le s .  Cross-hatched area: 
d i s t r i b u t i o n  f o r  the 16 th  p a r t i c le s  o n ly .
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F igu re  7(c)
L o g a r i th m ic  D is t r ib u t io n  o f  the Center-of-Mass
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S o l id  l in e :  d i s t r i b u t i o n  f o r  a l l  p a r t i c l e s .  Cross-hatched area:
d i s t r i b u t i o n  f o r  the 16 th  p a r t i c le s  o n ly .
F igu re  7(d)
Loga r ith m ic  D is t r ib u t io n  o f  the Center-of-Mass
Energy fo r  P a r t i c le s  o f  the SPTS Sample
LOG E,
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0.1 0.5 1.0 10.05.0 50.0
E|* (BEV)
S o l id  l in e :  d i s t r i b u t i o n  f o r  a l l  p a r t i c le s .  Cross-hatched area:
d i s t r i b u t i o n  fo r  the 16 th  p a r t i c le s  o n ly .
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T yp ica l Center-o f-M ass System I n e l a s t i c i t y  D is t r ib u t io n  f o r  a
Sample o f  Monte C a r lo  Je ts  Based on the Is o t r o p ic  
C enter-o f-M ass System Angu la r D is t r ib u t io n
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F igure  9
T yp ica l Center-of-Mass System I n e l a s t i c i t y  D is t r ib u t io n  f o r  a
*tc
Sample o f  Monte C a r lo  Je ts  Based on the ( l / s i n 0  )d f t  
Center-o f-Mass System Angular D is t r ib u t io n
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. v *
Each o f  the j e t s  whose cen te r-o f-m ass  system p ro p e r t ie s  have j u s t  
been described was then transform ed to  the la b o ra to ry  system us ing  the 
exact t ra n s fo rm a t io n  equations f o r  the c o l l i s i o n  which in  the la b o ra to ry
IP
system invo lves  a nucleon w ith  energy E = 3 x 10 eV in c id e n t  upon a 
nucleon a t  r e s t .
For each o f  the fo u r  samples, the d i s t r i b u t i o n  o f  the  lo g a r i th m  o f  
the r e s u l t in g  lab o ra to ry -sys te m  energy ( lo g E .)  can be approximated by 
a Gaussian cu rve . C h a ra c te r is t ic s  o f  these d is t r ib u t io n s  are summarized 
in  Table I !  and F igs. 10 and 11.
TABLE I I
C h a ra c te r is t ic s  o f  the  logE. D is t r ib u t io n s 3
Sample
GPTI SPTI GPTS SPTS
Mean 1.27 1-26 1.28 I .27
a  0 .42  0.44 0 .64 0.64
aThe u n i ts  o f  E. are in  BeV. or is  the s tandard d e v ia t io n .
A l in e a r  d is t r i b u t i o n  o f  the la b o ra to ry -sys te m  energ ies  o f  the 
produced p a r t i c le s  is  o f  i n t e r e s t  because the t a i l  o f  the d i f f e r e n t i a l  
o r in te g ra l  d i s t r i b u t i o n  is  o f te n  used to  s p e c ify  the la b o ra to ry  energy
24V. V. Guseva, N. A. D ob ro t in , N. G. Ze lev inskaya , K. A. 
K o te ln iko v , A. M. Lebedev, and S. A. S la v a t in s k y ,  J. Phys. Soc. Japan 
J J ,  Suppl. A-111, 375 (1962).
F igu re  10
T yp ica l L o ga r i th m ic  D is t r ib u t io n  o f  La bo ra to ry  Energy f o r  the 
P a r t ic le s  from a Monte C a r lo  Sample us ing the I s o t r o p ic  
Center-of-Mass System Angular D is t r ib u t io n
LOG E;
GPTI
< 3 0 0
2  100
1000100100.1
E, (BEV)
S o l id  l in e :  ac tua l d i s t r i b u t i o n  f o r  a l l  p a r t i c le s .  Dashed l in e :
normalized Gaussian w i th  same mean and standard d e v ia t io n  or as ac tua l 
d i s t r i b u t i o n .  Cross-hatched area: d i s t r i b u t i o n  f o r  16 th  p a r t i c le s
o n ly .
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F igu re  11
Typ ica l L o g a r i th m ic  D is t r ib u t io n  o f  L a bo ra to ry  Energy f o r  the
VcP a r t ic le s  from a Monte C arlo  S_ample_us_uig_the (1 /s in Q  )d£2 
Center-o f-M ass System Angular D is t r ib u t io n
LOG E
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S o l id  l in e :  ac tua l d i s t r i b u t i o n  f o r  a l l  p a r t i c le s .  Dashed l in e :
normalized Gaussian w i th  same mean and standard d e v ia t io n  a as ac tua l 
d i s t r i b u t i o n .  Cross-hatched area: d i s t r i b u t i o n  f o r  16th p a r t i c le s
o n ly .
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spectrum o f  the produced p a r t i c le s  in  p h y s ic a l  j e t s . ^ ' ^  A lso
27Van Hove has examined a model w i th  i n e la s t i c  f i n a l  s ta te s  in  which, 
in  the cen te r-o f-m ass  system, the pfc and the lo n g i tu d in a l  ( i . e . ,  p a r a l l e l
to  the d i r e c t io n  o f  the in c id e n t -n u c le o n  m otion) momentum p . .  o f  theJL i
produced p a r t i c le s  are independent and in  which the o n ly  c o r r e la t io n  
among the produced p a r t i c le s  is  th a t  due to  energy-momentum con se rva t ion .
He has shown th a t ,  i f  the t a i l  o f  the p^. d i s t r i b u t i o n  is  a s lo w ly  
decreasing  fu n c t io n  o f  p^, behaving a pp rox im a te ly  as (p^) w i th  
- 2 ^ 6 ^  -1 ,  t h i s  model is  no t in c o n s is te n t  w i th  the  exper im enta l
s i t u a t io n  a t  ~ 1 0 ^  eV. The re fo re , a power law f i t  to  the t a i l s  o f  the
*fc
d i f f e r e n t i a l  d is t r i b u t i o n s  o f  p ^ . ,  p. (momentum o f  a produced p a r t i c le  
in  the cen te r-o f-m ass  system), E ., and E. has been made. The re s u l t s  are 
ta b u la ted  in  Table I I I .  F igure 12 shows the d is t r ib u t i o n s  f o r  the SPTS 
sample. The power law exponents were determ ined by the le a s t  squares 
f i t  o f  a s t r a ig h t  l in e  to  the lo g - lo g  p lo t  o f  the d i f f e r e n t i a l  d i s t r i ­
b u t io n  which had been trun ca te d  below an a p p ro p r ia te  p o s i t io n  a long the
28a x is  o f  the independent v a r ia b le .  As expected, Table I I I  shows th a t
^ M .  Koshiba, C. H. Tsao, C. Deney, R. F r icke n , R. W. Huggett,
B. H ildebrand , R. S i lb e rb e rg ,  and J. J. Lord, Nuovo Cimento, Suppl. ( in  
p re ss ) .  p6
Barkow e t  a l . , op.* c i t .
^ L .  Van Hove, Nuovo Cimento 28, 798 ( 1963) .
28The a p p ro p r ia te  t r u n c a t io n  p o s i t io n  was determ ined as fo l lo w s :  
S ta r t in g  w i th  the in t e r v a l  f o r  s m a lle s t  values o f  the independent v a r ia b le ,  
truncations were made a t  s u c ce ss ive ly  la rg e r  va lues o f  the  independent 
v a r ia b le ,  and f o r  each t ru n c a t io n  the le a s t  squares f i t  to  the r e s u l t in g  
lo g - lo g  p lo t  was made. The p o in t  a t  which the  s lope o f  the le a s t  squares 
l in e  ceased to  change a p p re c ia b ly  was taken to  be the a p p ro p r ia te  t ru n c a t io n  
posi t io n .
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S o l id  l in e :  ac tua l d i s t r i b u t i o n s  f o r  a l l  p a r t i c l e s .  Dashed l in e :
power law f i t s  to  the t a i l s  o f  the ac tua l d i s t r i b u t i o n s ,  where e is  
the power.
the d is t r ib u t io n s  fo r  models w i th  an is o t r o p ic  angu la r d i s t r i b u t i o n  
drop o f f  more r a p id ly  than those f o r  models w i th  a ( l / s i n 0 )d0
TABLE I I I
Values o f  e fo r  a Power Law F i t  o f  the Form 
N(u)du «  u edu to  the T a i ls  o f  the .D is t r ib p t io n s  o f
*  *  _* A C
u = pA i '  p i> Ei> and Ei
Di s t r i b u t i  on GPTI
Sample 
SPTI GPTS SPTS
*
PAi -2 .0 0 *0 .0 4 -1 .83±0 .04 -1 .57±0 .03 - 1. 52* 0.03
*
Pj - 2. 11± 0 .07 - 2. 19±0.0lf -1 .7 5 *0 .0 4 -1 .8 4 *0 .0 3
*
E.> - 2 . 22* 0.08 -2 .4 l± o .o 6 - I . 8 s t 0 . 0 4 -1 .9 3 *0 .0 4
E.i - 2 . 28* 0.05 - 2. 03±0.05 - 1. 74* 0.05 - 1. 67* 0 .04
d is t r i b u t i o n .  One sees th a t  the  Monte C ar lo  models are c o n s is te n t  w i th
the simple i n e la s t i c  f i n a l  s ta te s  cons idered by Van Hove. For exper im en ta l
re s u l ts  to  compare w i th  the E. spectrum, American-zone c o l la b o ra to rs  o f
29the  In te rn a t io n a l  Cooperative Emulsion F l ig h t  found, s u b je c t to  some 
assumptions, a power o f  - 2 . 30±0*25 to  govern the d i f f e r e n t i a l  d i s t r i b u t i o n  
o f  the la b o ra to ry  system energ ies  o f  produced charged p a r t i c le s .
F in a l ly ,  the r e s u l t in g  d is t r ib u t io n s  o f  the la b o ra to ry  system
emission angles 0 o f  the produced charged p a r t i c le s  are p robab ly  best
presented and discussed in  terms o f  the parameter lo g (y  tan 0) ,  wherec
o /p
y =  (1 “  Pc ) , Pr  = v e lo c i t y  ( in  u n i ts  o f  c) o f  the cen te r-o f-m ass
system w ith  respect to  the  la b o ra to ry  system. For a l l  o f  the Monte C arlo
j e t s  y  = 40. C h a ra c te r is t ic s  o f  the d is t r ib u t io n s  o f  lo g (y  tan0) are c c
presented in  Table IV and in  F igs . 13 and 14.
TABLE IV
C h a ra c te r is t ic s  o f  the  Angular D is t r ib u t io n s  in  the 
Laboratory  System and in  the Center-of-Mass System
D is t r ib u t io n GPTI
Sample 
SPTI GPTS SPTS
lo g (y c tan0) Mean - 0.08 - 0 .12 -0 .09 - 0.13
or 0.40 0.40 0.66 O.65
lo g [ ta n ( 0* / 2 ) ] Mean 0.00 0.00 0.00 0.00
(T 0.41 0.41 0.68 O.67
The lo g (y  tan0) coo rd in a te  is  o f te n  used to  s tudy  angu la r d i s t r i -  c
b u t ions  o f  j e t s  because, i f  p. is  the v e lo c i t y  ( in  u n i ts  o f  c) o f  a 
produced charged p a r t i c l e  in  the cen te r-o f-m ass system, then under the
^  ajjp
assumption p. = p one has lo g (y  tan0) = lo g [ ta n (0  / 2 ) ] .  For comparison, 1 0  c
c h a r a c te r is t ic s  o f  the l o g [ t a n (0 / 2) ]  d i s t r i b u t i o n  are a ls o  l i s t e d  in
Table IV. The re fo re , the shape o f  the lo g (y  tan0) d i s t r i b u t i o n  g ivesc
•jjf
in s ig h t  as to  the shape o f  the 0 d is t r ib u t i o n ,  and, fo r  a sample o f
F ig u re  13
T yp ica l D is t r ib u t io n  o f  lo g (y  tan$) f o r  a Monte Carloc
Sample us ing the  I s o t r o p ic  Angular D is t r ib u t i o n ____
GPTI
200
150
I t  100
50
1.0- 1.0 0 2.0
LOG (yc TAN 9 )
S o l id  l in e :  ac tua l d i s t r i b u t i o n .  Dashed l in e :
norm alized curve o f  form (2 .3 /2 )d z /c o s h 2(2 .3 z )  w i th  
same mean as ac tua l d i s t r i b u t i o n .  Dotted l in e :  
normalized Gaussian w i th  same mean and a  as ac tua l 
d i s t r i  b u t io n .
Typ ica l D is t r ib u t io n  o f  lo g (y  tan0) f o r  a Monte C a r lo  Sample0
•fff . •fg____________________
us ing  a ( l / s i n 0  )dO  Angular D is t r ib u t io n
SPTS
CL
Ll
2.0- 2.0 - 1.0
S o l id  l in e :  a c tu a l d i s t r i b u t i o n .  Dashed l in e :  normalized curve o f
form (2 .3 / f f )d z /c o s h (2 .3 z )  w i th  same mean as a c tu a l d i s t r i b u t i o n .  
Dotted l in e :  normalized Gaussian w i th  same mean and a  as actua l
d i s t r i b u t i o n .
F igu re  14
T yp ica l D is t r ib u t io n  o f  lo g (y  tanQ) f o r  a Monte C ar lo  Sample0
us ing  a ( l / s i n 0  ) d f l  Angu la r D is t r ib u t io n
SPTS
50
jCE
2.0- 2.0
S o l id  l in e :  ac tua l d i s t r i b u t i o n .  Dashed l in e :  normalized curve o f
form (2 .3 / f f )d z /c o s h (2 .3 z )  w i th  same mean as a c tua l d i s t r i b u t i o n .  
Dotted l in e :  normalized Gaussian w i th  same mean and <j as ac tua l
d i s t r i b u t i o n .
j e t s  w i th  v a ry in g  y  , the lo g (y  tan0) coo rd in a te  normalizes the angu la r
C G
d is t r ib u t i o n s  o f  the j e t s  to  the same Lorentz system.
An i s o t r o p ic  angu la r d i s t r i b u t i o n  in  the cen te r-o f-m ass system
re s u l t s  in  a d i s t r i b u t i o n  o f  z = log fi:an(0 / 2 ) ]  o f  the form  f ( z ) d z  =
2( 2 .3 /2 ) [d z /c o s h  (2. 3 z ) ]  w ith  a mean o f  zero  and a standard d e v ia t io n
_ 1 /p  ^  JU
cr = (12) Jtlog e = O.39. A (1 /s inQ )dQ d i s t r i b u t i o n  re s u l t s  in  a
“it
d is t r i b u t i o n  o f  lo g [ ta n (0  / 2 ) ]  g iven by g (z )dz  = (2 .3 / r t ) [d z /c o s h (2 .3 z ) ]  
w i th  a mean o f  ze ro  and o  = ( j t /2 )  log e = 0 .68. I f  the assumption
p. .= p is  v a l id ,  the d i s t r i b u t i o n  o f  z = lo g (y  ta n 0 ) is  f ( z )d z  fo r
I G C
*ic
an is o t r o p ic  and is  g (z )dz  fo r  a ( l / s i n 0  )dft angu la r d i s t r i b u t i o n  in  
the cen te r-o f-m ass  system.
From Table IV, comparison o f  the or va lues o f  lo g [ ta n (0  / 2 ) ]  f o r  
GPTI and SPTI w i th  O.39 shows th a t  the angu la r d is t r ib u t io n s  fo r  these 
samples are  s i ig h t ly -m o re  peaked toward 0° and 180° than an i s o t r o p ic  
d i s t r i b u t i o n .  Comparison o f  the  or va lues o f  lo g [ ta n (0  / 2 ) ]  f o r  GPTS 
and SPTS w i th  0.68 shows th a t  the cen te r-o f-m ass system angu la r d i s t r i ­
b u t io n s  fo r  these samples o f  j e t s  do no t d i f f e r  on the average from a 
( l / s i n 0  )d0 d is t r ib u t i o n .
The or values f o r  lo g (y  tan0) are less than those f o r  lo g [ ta n (0 ‘ / 2 ) ]c
29because o f  the presence in  the  Monte C arlo  j e t s  o f  p a r t i c le s  w i th
p. < P . The means o f  the Monte C arlo  lo g (y  tan0) d is t r ib u t io n s  are I c c
less than zero  a ls o  because o f  the occurrence o f  p a r t i c le s  w ith  p. < p .I c
These mean values are  in t im a te ly  connected w i th  the d iscu ss io n  to  be 
g iven below on the Castagnoli fo rm u la .
29K. Kobayakawa, K. M ori,  K. Daiyasu, and H. Yokomi, Nuovo 
Cimento 28, 992 ( 1963) .
CHAPTER I I I  
INVESTIGATION OF ANALYSES OF 
ULTRA-HIGH ENERGY INTERACTIONS
In th is  chap te r,  some a n a ly s is  procedures c o n v e n t io n a l ly  a p p l ie d  
to  exper im enta l j e t s  are c a r r ie d  ou t us ing the Monte C ar lo  j e t s  in  o rder 
to  determ ine the e f fe c t s  o f  approx im ations and s t a t i s t i c a l  f l u c tu a t io n s  
on the re s u l t s .
Let y be a p h y s ic a l  q u a n t i t y  th a t  c h a ra c te r iz e s  some p ro p e r ty  o f  an 
u l t r a - h ig h  energy nuc lea r in te r a c t io n ,  and l e t  Y(0) be an es tim a te  o f  y 
determined s o le ly  from the la b o ra to ry  em ission angles 0 o f  the produced 
charged p a r t i c le s .  The Monte C arlo  j e t s  have been used in  an a ttem pt 
to  determ ine how w e l l  Y(0) is  a measure o f  y. For most o f  the parameters 
discussed in  th is  ch ap te r,  t h is  has been done by computing Y (0) f o r  each 
Monte C arlo  j e t  and then comparing Y (0) va lues w i th  t h e i r  corresponding 
y va lues , which are  known fo r  the Monte C arlo  j e t s ,  by f in d in g  
the mean and standard d e v ia t io n  cr o f  the lo g jg [Y ( 0 ) / y ]  d i s t r i b u t i o n .  
P rop e rt ie s  o f  the lo g a r i th m ic  d is t r ib u t io n s  are  g iven in  t h is  chapte r 
because fo r  the parameters in v e s t ig a te d  using the r a t i o  Y (0 ) /y ,  
comparison o f  the l in e a r  and lo g a r i th m ic  d is t r ib u t i o n s  o f  Y (0 ) /y  shows 
th a t  in  general the lo g a r i th m ic  d is t r ib u t io n s  are  more n e a r ly  Gaussian 
in  appearance than the l in e a r  d is t r i b u t i o n s .  Then the a n t i lo g a r i th m  
o f the mean, 10m, ‘ is  the average fa c to r  by which Y (0) overestim ates 
y, and the a n t i  lo g a r i th m  o f  O’, 10CT, is  the fa c to r  which de fines  the 
approximate 68 ° / o  con fidence in te r v a l  f o r  s t a t i s t i c a l  f l u c tu a t io n s  
o f  in d iv id u a l  Y (0 ) /y  fa c to rs  about the  average f a c to r .  The l im i t s  o f
35
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t h is  con fidence  in te r v a l  a re  (10 10m and ( l0 CT) l 0 m.
The d i s t r i b u t i o n  o f  l o g [Y ( 0 ) / y ]  was ob ta ined fo r  each o f  the  samples 
o f  Monte C arlo  j e t s .  I t  is  expected th a t  comparison o f  the r e s u l t s  fo r  
each sample w i l l  show how the approx im ations under which Y(0) «  y are
•jSp
in f lu e n ce d  by v a r ia t io n  o f  the 0 and p fc d is t r ib u t i o n s ,  w h i le  comparison 
o f  the re s u l ts  fo r  the  SPTS and SPTS .(r»s = 10) samples w i l l  show how the 
approx im ations are a f fe c te d  by charged p a r t i c l e  m u l t i p l i c i t y  v a r ia t io n .  
Table V g ives c h a r a c te r is t i c s  o f  the d is t r ib u t i o n s  o f  the parameters 
s tu d ie d  us ing  t h e i r  lo g [Y (0 ) / y ]  d is t r i b u t i o n s  in  t h i s  chap te r.
Since most o f  the re s u l t s  described in  t h i s  s e c t io n  are  based on 
Y(0) va lues c a lc u la te d  using em ission angles o f  o n ly  the charged p a r t i c le s  
produced in  each event, the em iss ion  angle o f  the c o r re la te d  l6 th  p a r t i c le  
has been used in  the c a lc u la t io n  o f  Y(0) o n ly  f o r  events in  which the 
16th p a r t i c le  is  charged. The f r a c t io n  o f  events in  which t h i s  occurs 
is  the  same as the average r a t i o  (ns/N>, where N is  the  t o t a l  number o f  
produced p a r t i c le s  per even t. I f  one b e lie ve s  th a t  the momentum 
c o r r e la t io n  which was in troduced  s o le ly  by the l6 th  p a r t i c l e  re s u l t s  in  
the events having average p ro p e r t ie s  which are  s im i la r  to  those o f  p h ys ica l 
j e t s  w i th  N = 16 p a r t i c le s ,  then the average e f f e c t  o f  c o r re la t io n s  among 
ng produced charged p a r t i c le s  o f  a p h y s ic a l  j e t  w i l l  p robab ly  be obta ined 
on the average by in c lu d in g  the l6 th  p a r t i c l e  in  a f r a c t io n  (ng/N ) o f  
the t o t a l  number o f  Monte C arlo  j e t s  used. The average e f fe c t s  on these 
lo g [Y (0 ) / y ]  d is t r ib u t io n s  caused by the presence o r  absence o f  the  l6 th  
p a r t i c l e  among the charged p a r t i c le s  is  demonstrated and d iscussed in  
Appendix A.
TABLE V
C h a ra c te r is t ic s  o f  the  D is t r ib u t io n s  
o f  lo g [Y (0 ) /y ]
Sample
D is t r ib u t io n  GPTI SPT1 GPTS SPTS SPTS
<V 10)
log(Ec /E) Mean 0. I 7 0 . 21+ 0 .17 0.25 0.26
<J 0.20 0 .22 O.36 O.36 0. 3k
Mean 0.00 0.01 - 0 .02 0.01 0.01
or 0.15 0.20 0.20 0.25 0.23
lo g [ (E ch/ y c ) / £ hE .* ] Mean - 0.10 - 0 .12 •
O1 - 0 .16 - 0 . 11+
or 0.11 0 . 11+ 0.16 0.19 0.17
log(1 .65Ech/Ea U E.) Mean - 0 . 01+ - 0 .02 - 0.08 - 0.06 - 0 .02
a 0 .17 0.20 0.28 0.29 0.26
log(Ech/E ) Mean - 1.05 - 1.01 -0 .81 -0 .7 9 -O.76
a O . I7 0 .17 O.32 0.30 0.29
lo g (E '/E ) Mean 0.01 0.06 - 0.03 0.03 - 0.01
a 0 .32 O.3I+ 0 . 1+8 0.49 0.1+5
l o g [ ( Ech/Ec ) /K ” h] Mean -0 .1 8 -0 .2 3 -0 .1 9 - 0. 21+ - 0.21
cr 0.13 0.15 0.25 0 . 2k 0.23
lo g [(1 .6 5 E ch/E c ) /K M] Mean - 0.20 - 0.26 -0 .2 5 -O .3 I -0 .29
a 0.16 0.16 0.28 0.28 0.25
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The C astaqno li Energy
To e s t im a te  the energy o f  the p a r t i c l e  i n i t i a t i n g  an in te r a c t io n ,  
a commonly used method is  based on the form ula  o f  Castagno li e t  a l . *
logyc = - ( S . h log tan0) / n s ( l )
2 ~  1 /2where y  = (1 -  p ) wi th  (3 = v e lo c i t y  ( in  u n i t s  o f  c) o f  a re fe rence0 C G
frame c w i th  respect to  the la b o ra to ry  system, and Ech denotes summation
over the ng produced charged p a r t i c le s  o f  a s in g le  j e t .  Now the re fe rence
frame c to  which Eq. ( l )  a p p l ie s  w i l l  be the cen te r-o f-m ass  system f o r  the
in te r a c t io n  p rov ided the fo l lo w in g  assumptions are s a t i s f i e d :  (a) the
produced charged p a r t i c le s  a re  e m it te d  w i th  d e ta i le d  forward-backward
symmetry in  the cen te r-o f-m ass system and (b) each o f  the produced charged
p a r t i c le s  has p . "  = (3 . An e s t im a te  o f  the  la b o ra to ry  system energy E o f  I c
an in c id e n t  p a r t i c l e  c o l l i d i n g  w i th  a nucleon a t  re s t  in  the la b o ra to ry
2system w i l l  a t  h igh energ ies  be g iven by E = 2My  , where y  is  g ivenc c c
by Eq. ( l )  and M is  the nucleon mass. Th is  es t im a te  is  commonly c a l le d
the Castagnoli energy o f  the even t. When assumptions (a) and (b) are
s a t i s f i e d ,  one has E = E.’ c
For each Monte C arlo  j e t ,  E has been computed and compared w i th  thec
12p r im ary  energy E = 3 x 10 eV. the re s u l t s  are presented in  ta b u la r  form
in  Table V. The d i s t r i b u t i o n  fo r  the SPTS sample is  shown in  F ig . 15*
The d e v ia t io n  from ze ro  o f  the mean o f  log(E  /E ) is  due e n t i r e l yc
to  f a i l u r e  o f  the j e t s  to  co m p le te ly  s a t i s f y  assumption (b) s ince  the
*C. C as ta gno l i,  G. C o r t in i ,  C. F r a n z in e t t i ,  A. M a n fre d in i,  and 
D. Moreno, Nuovo Cimento JJ), 1539 (1953)*
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F igu re  15
D is t r ib u t io n  o f  log(E  /E) f o r  the SPTSc
Sample o f  Monte C arlo  Je ts
SPTS30-
20
-0.5 0 0.5 1.0
LOG (Ec/E)
0 d is t r ib u t io n s  employed are  on the  average sym m etrica l about 90° .
The va lue  o f  ( log (E  / E ) ) depends l i t t l e  on the c o r re la te d  16th p a r t i c le .c
(See Appendix A .)  The main dependence o f  ( log (E  /E)> is  on the p
C L
d is t r i b u t i o n .  The va lue  o f  ( log (E  /E ) )  is  sm a lle r  f o r  the samples havingc
the GPT d i s t r i b u t i o n  than f o r  samples having the SPT d i s t r i b u t i o n  because
the re  a re  more numerous se r ious  v io la t io n s  o f  assumption (b) in  the l a t t e r
cases. (See F ig . 6 . )  In the case o f  the SPTS sample E overes t im ates  Ec
p
on the average by a fa c to r  1.8. Lohrmann e t  a l .  ob ta ined  a fa c to r  1.7 
from s im i la r  c a lc u la t io n s  fo r  j e t s  w i th  (ng) = 7. 8 . These au thors  
e x p e r im e n ta l ly  ob ta ined a va lue  o f  1.3 f o r  p and n j e t s  in  emulsion 
having energ ies  around 250 BeV and heavy prong number ^  5* This 
experim enta l fa c to r  is  undoubtedly lower than the  va lue  a p p ro p r ia te  to  
nuc leon-nucleon c o l l i s i o n s ,  s ince  the e f fe c t s  o f  having secondary 
in te ra c t io n s  in s id e  the ta rg e t  nucleus an d /o r  heavy e f f e c t i v e  ta rg e ts  
are  to  s y s te m a t ic a l ly  lower E . For showers produced by in te ra c t io n s  
o f  a lpha p a r t i c le s  and heav ie r n uc le i having energ ies  »  40 BeV/nucleon,
•3
Ja in  e t  al.. found th a t  Ec overes t im ates  E by an average fa c to r  o f  2 .0 .
I t  is  expected f o r  ( log (E  /E ) )  to  have l i t t l e  dependence on n . To0 s
show t h i s ,  the 841 (exp la ined  in  Chapter I I ,  p. 10) energy-conserv ing  SPTS
je t s  were taken ( a l l  841 were used to  increase s t a t i s t i c a l  accuracy a t  each
n v a lu e ) ,  ( log (E  /E ) )  was found a t  each n va lue , and a le a s t  squares . s c s
f i t  o f  the form ( lo g (E  /E)> = m * n + b to  the re s u l t s  was made. Thec s
re s u l t  m = 0.005 ±  0.011 is  in  agreement w i th  e xp ec ta t io n s .
20£. c i t .
^P. L. Ja in , E. Lohrmann, and M. W. Teucher, Phys. Rev. 115>
643 (1959).
kl
For these models, the standard d e v ia t io n  (J o f  the log(E  /E)c
d i s t r i b u t i o n  depends on the 0 d i s t r i b u t i o n  ra th e r  than on the
•  •  ' f t  'fcd is t r i b u t i o n ,  the  values o f  <J be ing g re a te r  f o r  the ( l / s i n 0 )dO
d is t r i b u t i o n  w i th  i t s  more pronounced forward-backward peaking than fo r
the i s o t r o p ic  d i s t r i b u t i o n .  As is  demonstrated in  Appendix A, the va lue
o f  <J depends l i t t l e  on the presence o r  absence o f  the c o r re la te d  l 6 th
p a r t i c l e ,  a lthough  i t  can be seen th a t  the presence o f  the c o r re la te d
kp a r t i c le  tends to  make <J s m a lle r .  Th is is  a ls o  demonstrated by the
fa c t  th a t ,  fo r  E c a lc u la te d  us ing  the f i r s t  10 p a r t i c le s  (which are c
u n c o rre la te d )  f o r  each j e t  o f  the  SPTS sample, O' is  0 .36  and, f o r  Ec
c a lc u la te d  us ing  the charged p a r t i c le s  f o r  each j e t  o f  the SPTS (ng=10)
sample, o  is  0 . 34.
Under the assumption th a t  the angles 0 are  u n co rre la te d , the depen-
1/2dence o f  O on ng w i l l  be g iven by O = k / ( n g ) and k w i l l  be equal to  tw ice  
the standard d e v ia t io n  o f  the log  tan0 d i s t r i b u t i o n .  From the O va lue  o f
the log(E /E ) d i s t r i b u t i o n  f o r  the SPTS sample, one o b ta in s  k = 1 .1 . The
5
c a lc u la t io n s  o f  Lohrmann e t  a l /  us ing  a s im i la r  Monte C arlo  model y ie ld  
k = 0 .86. The sm a lle r  va lue p robab ly  r e s u l t s  from the Monte C arlo  j e t s  o f  
th a t  work possessing em ission angles 0 which are more c o r re la te d  because 
( in  th a t  work) no ad justm ent o f  az im u tha l angles was made in -o rd e r  to  
balance transve rse  momentum. N e ith e r  o f  these va lues o f  k is  c o n s is te n t  
w i th  the va lue  1.3 which is  expected from the standard d e v ia t io n  o f  the
This agrees w i th  the s ta tem ent concern ing the  re la t io n s h ip  o f  the 
c o r re la t io n s  to  the standard d e v ia t io n  o f  logy g iven by D. H. Perk ins in  
Progress ?n Elementary P a r t i c le  and Cosmic Ray Physics (North Holland 
P u b lish in g  Company, Amsterdam, 19^0), V o l.  V, Chap. k ,  p. 288.
V  c i  t .
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log  tanfi d i s t r i b u t i o n  o f  the SPTS sample. This is  a r e s u l t  o f  the em iss ion
angles not being independent. A le a s t  squares s t r a ig h t  l in e  f i t  t o  the
lo g - lo g  p lo t  o f  or versus ng f o r  the 841 energy-conserv ing  SPTS events
(again us ing a l l  841 to  improve the s t a t i s t i c a l  accuracy a t  each ng
va lu e ) gave the fo l lo w in g  dependence :^  ( 1 .7+^ * ^ ) / ( n  0 .7Q ±0.1 0 ^
-u .  3 s
reason a  f a l l s  o f f  s l i g h t l y  fa s te r  than n f o r  these models is  th a t
the presence o f  the 16th p a r t i c l e  tends t o  make cr sm a lle r  and, because 
the  t o t a l  number o f  p a r t i c le s  in  each Monte C arlo  j e t  is  the same, the 
r e la t i v e  frequency o f  the  16th p a r t i c l e  be ing charged increases s l i g h t l y
wi th  n .s
One can conclude w i th  f a i r  c e r t a in t y  th a t  f o r  pure nuc leori-nucleon
c o l l i s i o n s  w i th  m u l t i p l i c i t i e s  around 10 and in  which the produced
p a r t i c le s  are e m it te d  on the average w i th  forward-backward symmetry the
cr va lue f o r  the log(E  /E ) d i s t r i b u t i o n  is  about O.36. From th is  va lue one
o b ta in s  ( 1/ 2. 3 ) 1*8 and (2 . 3) l *8 as approximate 68 %  con fidence  l im i t s
on th e  f lu c tu a t io n s  o f  in d iv id u a l  values o f  E /E  about 1 .8 , the  mostc
probab le  va lue . W ith  in te ra c t io n s  in  emulsion which u s u a l ly  invo lve  
complex n uc le i as ta rg e ts ,  i t  is  c e r t a in l y  to  be expected th a t  the mean 
va lue  o f  Ec /E w i l l  be lower and la rg e r  f lu c tu a t io n s  in  t h is  r a t i o  w i l l  
occur as a r e s u l t  o f  secondary in te ra c t io n s  in s id e  the ta rg e t  n u c le i .
Methods o f  Studvi nq the Angular D is t r ib u t io n  
o f  Produced Charged P a r t ic le s
In Chapter I was e xp la ined  why cosm ic-ray  j e t  angu la r d i s t r ib u t i o n s
a re  commonly s tu d ie d  us ing the  lo g (y  tan0) c o o rd in a te .  However, yc 0
is  r a r e ly  known e x a c t ly  in  the exper im enta l s i t u a t io n ,  and one has to
r e ly  on the Castagnoli e s t im a te  o f  y  (Eq. (1 )) f o r  each j e t  i n d iv id u a l l y .c
^3
The approx im a t ion  u s u a l ly  made, then, is  th a t  the lo g (y  tan0) d is t r i b u t i o n ,c
w i th  y  g iven  by Eq. ( l ) ,  is  the same shape as the lo g [ ta n (0  / 2 ) ]  d is -
6 *  
t r i b u t i o n .  For lo g (y  tan0) = lo g [ ta n (0  / 2 ) ]  to  be e x a c t ly  t r u e ,  o fc
course, one must have th a t  (a) y  from Eq. (1) g ives  the  c o r re n t  Lorentz0
fa c to r  f o r  the cen te r-o f-m ass  o f  the produced p a r t i c le s ,  and th a t
*rC
(b) p. = 8 fo r  each produced p a r t i c l e .  F igure  16 shows t y p ic a l
I v
*j|f _
d is t r ib u t i o n s  o f  lo g (y  tan0) and lo g [ ta n (0  / 2 ) ]  f o r  models w i th  the
v
i s o t r o p ic  and w i th  the ( l / s i n 0  )dft angu la r d i s t r i b u t i o n  in  the  c e n te r -  
of-mass system. Table VI g ives the c h a r a c te r is t i c s  o f  these d i s t r i ­
b u t ions  fo r  a l l  samples.
TABLE VI
C h a ra c te r is t ic s  o f  the lo g (y  tan0)c
D is t r ib u t io n s 3 and o f  the lo g C ta n (0 * /2 ) ]  D is t r ib u t io n s
Di s t r i b u t i o n GPTI SPTI
Sample
GPTS SPTS SPTS
(V 10)
lo g (y  tanG) 3 Mean 0.00 0.00 0.00 0.00 0.00
a O.38 0.39 0.64 O.63 0 .62
logCtan (0* / 2 ) ] Mean 0.00 0.00 0.00 0.00 - 0.01
a 0.41 0.41 0.68 O.67 0.66
aThe Castagnoli es t im a te  o f  y  , g iven by Eq. ( l ) ,  is  used here.c
The cr va lues o f  lo g (y  tan0) in  Table VI are  sm a lle r  than the C valuesc
o f  lo g (y  tan0) f o r  which y  = 40 in  Table IV (p. 3 0  because the c c
^Th is  is  done, f o r  example, by J. G ie ru la ,  F o r t s c h r i t t e  der 
P h y s i k . l l ,  109 ( 1963) .
F igure  16
T yp ica l D is t r ib u t io n s  o f  lo g (y  tan0) and 1og [tan (0  / 2 ) ]  f o r
Monte C a r lo  Je ts  from Samples us ing  the I s o t r o p ic  and the
( l / s i n 0  )dfl( Angular D is t r ib u t io n s
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S o l id  l in e :  lo g [ ta n (0 * ‘ / 2 ) ]  d i s t r i b u t i o n .  Dashed l in e :
lo g (y 9 tan 0) d i s t r i b u t i o n ,  where y c is  determined fo r  
each j e t  us ing  the Castagnoli e s t im a te ,  Eq. ( 1 ) .
log  (y tanG) c o o rd in a te  w i th  y  given by Eq. (1) e l im in a te s  the in h e re n t c c
s t a t i s t i c a l  f l u c tu a t io n  o f  the Castagno li e s t im a te  o f  y  . And, as wasc
s ta te d  e a r l i e r ,  a  f o r  lo g (y  tanG) w i th  y  = 40 is  a lre a d y  sm a lle r  than0 0
cr f o r  l o g [ t a n (6 / 2 ) ]  because o f  the  presence o f  p a r t i c le s  w i th  0. < (3 .I c
These a re  the reasons fo r  the r e la t i v e  magnitude o f  the <J va lues fo r
ft
lo g (v  tanG) and log [ ta n (G  / 2) ] i n  Table V I. I t  can be seen from F ig . 16 c
th a t ,  a s ide  from being s l i g h t l y  na rrow er, the general shape o f  the lo g (y  tanG)c
ft
d i s t r i b u t i o n  resembles w e l l  th a t  o f  the lo g [ t a n (6 / 2) ]  d i s t r i b u t i o n .
p
However, a x  te s t  g ives p r a c t i c a l l y  zero p r o b a b i l i t y  th a t  the d e ta i le d
"ft
d e v ia t io n s  o f  the  lo g (y  tanG) d is t r ib u t i o n s  from the logC tan (6 / 2) ]  d i s t r i -c
b u t ion  cou ld  be caused by s t a t i s t i c a l  f lu c tu a t io n s .  The re fo re , o n ly
f a i r l y  gross fe a tu re s  about the l o g [ t a n (6 / 2 ) ]  d i s t r i b u t i o n  can be
learned using the lo g (y  tanG) d i s t r i b u t i o n .c
Another dev ice  used f o r  s tu d y in g  j e t  angu la r d is t r ib u t io n s  is  the 
D u l le r-W a lke r  p l o t . ^  Th is  p lo t  is  e s s e n t ia l l y  an in te g r a l  p re s e n ta t io n  o f  
the d i f f e r e n t i a l  d i s t r ib u t i o n s  described  above. L e t t in g  F be the 
f r a c t io n  o f  p a r t i c le s  con ta ined w i t h in  a cone o f  h a lf -o p e n in g  angle 0, 
then the  c h a r a c te r is t i c s  o f  the p lo t  o f  l o g ( F / l - F )  vs. lo g {y  tanG) 
r e f l e c t  the angu la r d i s t r i b u t i o n  o f  produced p a r t i c le s .  Th is is  the 
D u l le r-W a lke r  p lo t .  Here, as above, the Castagnoli fo rm ula  fo r  y  ,
w
Eq. (1 ) ,  w i l l  be used because t h i s  is  a l l  th a t  is  u s u a l ly  a v a i la b le
e x p e r im e n ta l ly .  I f  assumptions (a) and (b) under which y  tanG = 
ft
tan (0  /2 )  ho ld , then the D u l le r-W a lke r p lo t  is  d i r e c t l y  re la te d  to  the
angu la r d i s t r i b u t i o n  in  the cen te r-o f-m ass  system. T yp ica l D u l le r -
ft ft
Walker p lo ts  f o r  models w i th  is o t r o p ic  and (1 /s in 0  )dft angu la r
^N. M. D u l le r  and W. D. W alker, Phys. Rev. 22, 215 (195*0*
d is t r ib u t i o n s  are shown in  F ig . 17* In th a t  f ig u r e ,  the p o in ts  rep re -
sented by crosses were c a lc u la te d  from the logC tan(0 / 2) ]  h istograms
in  F ig . 16, and the dots  were determined from the lo g (y  tan0) histogramsc
*ic
o f  F ig . 16 . The s o l id  l in e  is  the th e o r e t ic a l  l o g ( F / l - F ‘) vs . lo g [ ta n (0  / 2 ) ]
curve for an isotropic or a ( l /s in 0 )dQ angular d is tr ibu tion , whichever
is  a p p ro p r ia te ,  and i t  is  the th e o r e t ic a l  lo g ( F / l - F )  vs. lo g (y  tan0)o
plot under assumptions (a) and (b) above.
For the model w i th  an is o t r o p ic  angu la r d i s t r i b u t i o n ,  the D u l le r -  
Walker p lo t  o f  lo g [ ta n (0  / 2 ) ]  shows more forward-backward peaking than 
expected in  th e 'ra n ge  o f  lo g [ ta n (0  / 2 ) ]  from -1 .0  to  +1.0 . For
r & nlogCtan(0 / 2 ) j  values less than - 1.0 there is a fluctuation to below the 
expected line , while for logCtan(0 / 2 ) ]  values greater than + 1.0 the 
trend of more peaking about the direction of incident-partic le  motion 
continues, so that the over-a ll angular d is tr ibution  in the center-of-  
mass system is s l ig h t ly  more peaked toward 0°  and 180° than an isotropic  
distr ibution  because of the presence of the 16th partic les . For the model 
with a ( l / s in 0 ) dO angular d is tr ibu tion , s l ig h t ly  more forward-backward 
peaking for the logCtan(0 / 2) ]  d is tirbution  than expected again arises 
from the l 6 th partic les in the range of logCtan(0 / 2 ) ]  values from 
-1 .4  to +1.4. However, for logCtan(0 /2 )J  values less than -1 .4  and 
greater than +1.4, this trend is reversed because of energy-conservation 
effec ts , so that on the average the angular d is tr ibution  does not d i f fe r  
much from a (1/sin0 )dd d is tr ibution  ( c f . ,  Chapter I I ,  p. 10).
Comparison o f  the D u l le r-W a lke r p lo t  f o r  lo g (y  tan0) w ith  th a t  fo r  
logC tan (0 / 2) ]  shows the e f f e c t  o f  the sm a lle r  s tandard d e v ia t io n  o f  the
former in  both cases. Aside from the s l i g h t l y  sm a lle r  spread o f
lo g ( F / l - F )  va lues , the D u lle r-W a lke r  p lo t  f o r  lo g (y c tan0) w i th  the Castagnol 
e s t im a te  o f  y  r e f le c t s  f a i r l y  w e l l  the shape o f  the 0 d i s t r i b u t i o n .
v
F igu re  17
T yp ica l D u l le r-W a lke r  P lo ts  f o r  Monte C arlo  Samples us ing the 
I s o t r o p ic  and ( l / s in 0 * ) d O  Angular 
D is t r ib u t io n s  in  the Genter-of-Mass System
LOG|^ T4GPTI 
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LOG (vTAN ©)
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— 3- 3
Crosses: D u l le r-W a lke r  p lo t  f o r  lo g [ t a n ( ( T / 2 ) ] .  Dots: D u l le r -
Walker p lo t  f o r  lo g (y c tanQ) w i th  y c .found f o r  each j e t  from Eq. ( 1 ) .  
S o l id  l in e :  expected D u l le r-W a lke r  p lo t  f o r  an is o t r o p ic  angu la r
d i s t r i b u t i o n  ( l e f t )  and a ( l / s i n 0*)d£ lfc’ angu la r d i s t r i b u t i o n  ( r i g h t )  
in  the cen te r-o f-m ass  system.
*fC
Next is  examined the p o s s i b i l i t y  o f  us ing 0g| = 2 a rc ta n (y c tan 0 ),
w i th  y  g iven by Eq. (1 ) , to  determ ine the 0 d i s t r i b u t i o n .  One has c
8Sl = 8 i f  assumptions (a) and (b) above are  s a t i s f i e d .  F igure  18
shows t y p ic a l  0<,j d i s t r ib u t i o n s  f o r  models having the is o t r o p ic  and
*fc -k  ^
( l / s i n 0 )d£l angu la r d i s t r i b u t i o n s ;  the a c tu a l and th e o r e t ic a l  0
d is t r ib u t i o n s  are  superimposed f o r  re fe rence . The 0g| d i s t r ib u t i o n s
c o n s is te n t ly  underestim ate  the 0* d is t r ib u t i o n s  near 0°  and 180°
fo r  the same reasons th a t  cause cr fo r  lo g (y  tan0) us ing the Castagnolic
*k
e s tim a te  o f  y  to  be sm a lle r  than a fo r  log [ t a n (0 / 2 )]>  (see p. 45 ). c
o
As is  the case o f  F ig . 16, the x  p r o b a b i l i t y  f o r  f lu c tu a t io n s  o f  the
0gj d i s t r i b u t i o n  from the 0 d i s t r i b u t i o n  be ing random is  e s s e n t ia l l y
/V
zero. However, comparing the 0 ^  d is t r ib u t i o n s  w i th  t h e i r  expected 
is o t r o p ic  o r ( l / s i n 0 )d&* d is t r ib u t i o n s ,  whichever is  a p p ro p r ia te  (the 
h o r iz o n ta l  l in e s  a t  cons tan t frequency in  F ig . 18), the x  p r o b a b i l i t y  
th a t  s t a t i s t i c a l  f lu c tu a t io n s  cause la rg e r  d e v ia t io n s  than observed is
9 °/b f o r  the SPTS sample and g re a te r  than k2  °/o f o r  the o th e r  samples.
-V ‘V
Thus, a lthough  does not reproduce w e l l  the d e ta i l s  o f  the 0* d is -
•fc
t r i b u t i o n ,  i t  does preserve the genera l shape o f  the 0 d is t r ib u t i o n .
This p o in t  is  s im i la r  to  one made e a r l i e r  in t h i s  s e c t io n .
F in a l l y ,  Table V II p resen ts  p ro p e r t ie s  o f  the d is t r ib u t i o n s  o f
log Cy t a n 0 / t a n ( 0 ' / 2 ) ]  and o f  lo g (0 g j /0  ) f o r  a l l  Monte C arlo  samples,
where again  the Castagnoli y  , Eq. ( l ) ,  is  meant. On the  average,c
JU ^
one has y c tan0 = t a n ( 0 ' / 2 )  and 0g| = 0 *  independent o f  Monte C arlo  
model. In genera l,  the cr va lues increase as the  p^ d i s t r i b u t i o n ,  
angu la r d i s t r i b u t i o n ,  and ng d i s t r i b u t i o n  spread ou t.
J+9
F igu re  18
Typ ica l D is t r ib u t io n s  o f  the Angle Parameter 0gj f o r  Monte C arlo  
Samples Based on the Two Center-of-Mass System 
Angular D is t r ib u t io n s  Used
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Dotted l in e :  d i s t r i b u t i o n  o f  the parameter 0 ~ . .  S o l id
l in e :  ac tua l cen te r-o f-m ass system angu la r d i s t r i b u t i o n ,
which is  the pa ren t d i s t r i b u t i o n  o f  0 g j . Dashed l in e  a t 
constan t frequency: th e o re t ic a l  i s o t r o p ic  (upper) and
( l / s i n 0* ) d j f  ( low e r)  angu la r d is t r i b u t i o n s  in  the 
cen te r-o f-m ass system.
TABLE V II
VC A
C h a ra c te r is t ic s  o f  the logCy tar»0/ t a n (0' / 2) ]  D is t r ib u t io n sc
and o f  the lo g (0 g | /0  ) D is t r ib u t io n s
Sample
Di s t r i  b u t i  on GPTI SPTI GPTS SPTS SPTS
(ns= 10)
logDy tan0/ ta n  0 (0* / 2) ] a Mean 0.00 0.00 0.00 0.00 0.01
a 0.17 0.21 0.25 0.28 0 .27
lo g ( 0* j / 0'f ) Mean 0.00 0.00 0.01 0.01 0 .02
or 0 .12 0.15 0.16 0.18 0.18
aThe Castagnoli e s t im a te  o f  y  g iven by Eq. (1) is  used.o
The Parameter E ^
Several cosmic ray  as w e l l  as a c c e le ra to r  experiments have shown 
th a t  the mean transve rse  momentum (p t > o f  p a r t i c le s  e m it te d  from nuc lear
8in te ra c t io n s  is  ra th e r  independent o f  p a r t i c l e  energy and em iss ion ang le . 
I f  i t  is  assumed th a t  (p t > is  independent o f  em ission angle and equal to  
0 .4  BeV/c, then the parameter E ^ de fined  by E ^  = ( p ^ E ^ c s c O .  =
(0 .4  BeV)Echcsc0. w i l l  be c lo s e ly  equal to  S ^ E . ,  the t o t a l  la b o ra to ry -  
system energy o f  the charged p a r t i c le s  produced in  an i n t e r a c t i o n . ^
g
Koshiba, oj). c i t .
q
Cocconi et_ a_l_., og. c i  t .
^ D .  H. P e rk ins , Proceedings o f  the In te rn a t io n a l  Conference on 
T h e o re t ic a l  Aspects o f  Very High Energy Phenomena, CERN 61-22, Geneva,
1961 (unpub lished ), p. 99*
Values o f  l o g ( E ^ / L . ^  E.) have been c a lc u la te d  f o r  the j e t s  in
each sample and the re s u l ts  summarized in  Table V. The d i s t r i b u t i o n
f o r  the SPTS sample is  shown in  F ig . 19. W ith in  the s t a t i s t i c a l
e r r o r s ,  the means o f  a l l  fo u r  samples are c o n s is te n t  w i th  ze ro . Hence
one can conclude th a t  the most p robab le  va lue  o f  Ech/S chEi w il1  be u n i t y
fo r  j e t s  having pt  and 0* d is t r i b u t i o n s  no t too d i f f e r e n t  from those
used in these c a lc u la t io n s .  The cr va lue seems to  have a weak dependence
on the p t  d i s t r i b u t i o n  and the  angu la r d i s t r i b u t i o n  used. From the (T
va lue  f o r  the SPTS sample we can expect th a t  1.8 is  a pp rox im a te ly  the
68 °/o confidence l i m i t  fo r  f l u c tu a t io n s  o f  the f a c to r  by which
overestim ates o r underestimates £  , E. in  an in d iv id u a l  nucleon-nucleonch i
12i n t e r a c t io n  a t  an energy o f about 3 x 10 eV.
*
E , / y  as a Measure o f  £  , E. ch c -------------------------------ch i
For an u l t r a - h ig h  energy in t e r a c t io n ,  EC^ /7 C can be used to  es t im a te
the t o t a l  energy o f  the produced charged p a r t i c le s  in  the  cen te r-o f-m ass
system o f  the produced p a r t i c le s  by assuming: (a) E ^  = 2  ^E .,  (b) the
Castagnoli y  g iven by Eq. ( l )  is  the c o r re c t  Lorentz  f a c to r  f o r  the c
tra n s fo rm a t io n  from the la b o ra to ry  system to  the cen te r-o f-m ass 
system o f  the produced charged p a r t i c le s ,  and (c) the cen te r-o f-m ass
system o f  the produced charged p a r t i c le s  co in c id e s  w i th  the c e n te r -o f -
mass system o f a l l  the  produced p a r t i c le s .
^ F o r  a d iscu ss io n  o f  the parameter E ^ ,  see the in t ro d u c to ry  
paper o f  the group o f  papers d e s c r ib in g  the  re s u l ts  o f  the In te rn a t io n a l  
Cooperative Emulsion F l ig h t ,  Nuovo Cimento, Suppl. ( in  p re s s ) .
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D is t r ib u t i o n  o f  ' ° 9 ( ^ ch ^ ch ^ ° r  t *ie
SPTS Sample o f  Monte C ar lo  Je ts
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SPTS
With the Monte C arlo  j e t s  the p ro p e r t ie s  o f  t h is  e s t im a to r  are
in v e s t ig a te d  by co n s id e r in g  the d i s t r i b u t i o n  o f  lo g [ (E  , / v  ) / L  , E. ]  fo r
ch c ch i
12each o f  the j e t  samples. P ro p e r t ie s  o f  these d is t r ib u t i o n s  are g iven  
-i-n—Table—V. F igure  20 shows the d i s t r i b u t i o n  fo r  the SPTS sample.
I t  can be seen th a t  ra th e r  independently  o f  the 0 or the p fc d is t r ib u t i o n ,
&
Ech/ y c underestim ates S.^E. on the average by a fa c to r  o f  1.3 to  1 .4 .
This sys tem a tic  underes tim a tion  is  a lmost e n t i r e l y  due t o y  beingG
s y s te m a t ic a l ly  overestim ated  by the use o f  the Castagnoli fo rm ula . The 
f lu c tu a t io n s  in  the e s t im a t io n  f o r  an in d iv id u a l  event as measured by 
the cr va lue  are  a ls o  ra th e r  independent o f  the 0 and pt  d is t r i b u t i o n s .
The fa c to r  corresponding to  <J ranges from 1.3 to  1.5* F lu c tu a t io n s  o f  
t h i s  e s t im a to r  a re  sm a lle r  than the f lu c tu a t io n s  o f  any o f  the o the r 
e s t im a to rs  considered in Table V.
I . 65E , as a Measure o f  S , ,E .  c h -------------------------------a l l  1
In o rder to  o b ta in  an es tim a te  o f  the energy c a r r ie d  from an 
in te r a c t io n  by a l l  o f  the produced p a r t i c le s ,  both charged and n e u t ra l ,  
i t  is  customary to  assume (a) th a t  the energy d i s t r i b u t i o n  o f  the n e u t ra l  
produced p a r t i c le s  is  the same as th a t  o f  the charged produced p a r t i c le s ,  
and hence th a t  on the average the r e la t i v e  amount o f  energy c a r r ie d  by 
each component is  p ro p o r t io n a l  t o  the average r a t i o  C o f  the number o f  
p a r t i c le s  o f  each component} and (b) th a t  E ^ is  a good es t im a te  o f  the
energy o f  the produced charged p a r t i c le s .  Then on the average,
12Note th a t  the r a t i o  used in  t h is  comparison is  e q u iv a le n t ly  
the r a t i o  o f  an e s t im a to r  o f  the average energy o f  the produced charged
p a r t i c le s  in  the cen te r-o f-m ass system o f  the produced p a r t i c le s  to  the
a c tu a l  va lue  o f  th a t  energy.
NU
M
BE
R 
OF
 
E
V
E
N
T
S
F igu re  20
D is t r ib u t io n  o f  lo g [ (E  ^ / y ^ / E ^ E * ]  f o r  the
SPTS Sample o f  Monte C arlo  Je ts
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Sa j jE .  = C E ^ . For the  Monte C arlo  j e t s  assumption (a) is  approx im ate ly  
s a t i s f i e d  and the a p p ro p r ia te  va lue  o f  C is  1.64.
In ta b le  V are g iven the p ro p e r t ie s  o f  the d i s t r i b u t i o n  o f  l o g C l ^ E ^ /  
Sa l l E j )  f o r  each sample o f  j e t s .  The d i s t r i b u t i o n  fo r  the SPTS sample is  
g iven in  F ig . 21. One f in d s  th a t  the mean o f  t h i s  q u a n t i t y  is  indeed 
near to  ze ro . The cr va lue f o r  the SPTS case corresponds to  a fa c to r  o f  
2.0.
Ec ji  as £  Measure o f  E
Now i f  one takes S.^E. »  E ^ ,  then the charged p a r t i c le
i n e l a s t i c i t y  o f  an in te r a c t io n  ( i . e . ,  the f r a c t io n  o f  the  a v a i la b le  
energy which is  c a r r ie d  by the  produced charged p a r t i c l e s ) ,  w i l l  be g iven 
approx im a te ly  by K ^ Once a de te rm in a t io n  o f  the most probable
1-3
va lue  o f  t h is  r a t i o  has been made, E , can be used as a measure o f  E.'  ch
To o b ta in  some in fo rm a t io n  on th is  method o f  p r im ary  energy e s t im a t io n ,  
the d i s t r i b u t i o n  o f  lo g C E ^ /E )  f o r  the j e t s  in  each sample has been 
determ ined. The re s u l t s  are summarized in  Table V and the d is t r ib u t i o n  
f o r  the SPTS sample is  g iven in  F ig . 22. In comparing the re s u l ts  fo r  
the va r io u s  samples, the mean and the cr va lue o f  a lo g f E ^ / E )  d i s t r i b u t i o n  
r e f l e c t  the  p ro p e r t ie s  o f  the i n e l a s t i c i t y  d i s t r i b u t i o n ,  being ra th e r  
in s e n s i t iv e  to  which p^ d i s t r i b u t i o n  is  used and sm a lle r  fo r  the samples 
co n s tru c te d  us ing the is o t r o p ic  angu la r d i s t r i b u t i o n .  From a comparison 
o f  cr va lues , i t  can be seen th a t  f o r  each o f  the samples the f lu c tu a t io n s  
o f  E ^ / E  are ap prox im a te ly  11 °/o sm a lle r  than those o f  Ec /E. Hence, in  
pure nuc leon-nucleon c o l l i s io n s  E ^  may be o n ly  s l i g h t l y  b e t te r  than Ec
jo  .
This was done, f o r  example, in  Koshiba e t  a l . , op. c i t .
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F igu re  21
D is t r ib u t io n  o f  lo g (1 .6 5  E j E.) f o r  the SPTS
Sample o f  Monte C arlo  Jets
SPTS
3 0
20
10
OL
- 1.0 -0 .5 0 0.5 1.0
LOG (l.65Ech /5-Ej)
NU
MB
ER
 
OF
 
EV
EN
TS
57
F igu re  22
D is t r ib u t i o n  o f  log (E c^/E) f o r  the
SPTS Sample o f  Monte C ar lo  Je ts
SPTS
30
20
-1.5 - 1.0 -0.5 0
LOG (Ech/E)
as an e s t im a to r  o f  E. However, in  in te ra c t io n s  w ith  complex ta rg e ts  the
s u p e r io r i  t y  o f  Ech 15 1 i k e ly  to  be much more pronounced owing to  the
r e la t i v e  i n s e n s i t i v i t y  o f  to  e f fe c t s  o f  secondary in te ra c t io n s  in s id e
14the ta rg e t  nuc leus, whereas E is  ra th e r  s e n s i t iv e  to  such e f fe c t s .c
C o r re la t io n  between E , and E 1   ch    c
Because o f  the p o s s ib i l i t y  o f  a t t r i b u t i n g  c o r r e la t io n  between
15E ^  and E£ in  p h ys ica l j e t s  to  p h y s ic a l  e f f e c t s ,  ^  an a ttem pt has
been made to  use the Monte C arlo  j e t s  f o r  f in d in g  to  what degree the
c o r r e la t io n  between E ^  and Ec is  m a th e m a tica l ly  in h e re n t.  No known
p h y s ic a l  E , -E  c o r r e la t io n  has been in troduced  in to  the  Monte C arlo  ch c
models.
The p lo t  o f  log C E ^ /E )  vs. log (Ec/E ) is  used to  examine the c o r r e la t io n .
T yp ica l  lo g C E ^ /E )  v s . lo g (E c /E) p lo ts  f o r  a sample us ing  the  i s o t r o p ic
angu la r d i s t r i b u t i o n  and fo r  one us ing the ( l / s i n 0 )dft d i s t r i b u t i o n
are  shown in  F ig . 23* To help determ ine the  c o r r e la t io n ,  a le a s t
squares s t r a ig h t  l in e  o f  the form logCE^^/E) = m log(Ec /E) + b was f i t
to  each o f  these p lo ts  us ing  two methods: ( l )  assuming both log(E /E )c
and log(E  ^ /E ) have e r ro r  and t h i s  e r r o r  is  the same fo r  both ( th is  le a s t
squares procedure m inim izes the sum o f  the squares o f  the d is tances  a long
l in e s  p e rp e n d icu la r  to  the best l in e  from the  p o in ts  [ lo g (E ^ /E ) , lo g (E ^ ^ /E ) ]
to  the best l in e )  and (2 ) assuming the log(E /E ) va lues are  exac t and thec
log(E  ^/E ) va lues have u n c e r ta in ty  ( th is  is  the co n ven t ion a l le a s t  
squares procedure which m inim izes the sum o f  the squares o f  the d e v ia t io n s
14See fo o tn o te  11 o f  t h i s  chapte r.
15^Koshiba e t  a_l., ojj. c i  t .
F igure  23
T yp ica l log ( Ec(/ E) v s . log (Ec/E) P lo ts  f o r  Monte C arlo
&Samples us ing  the  Is o t r o p ic  and the ( l / s i n 0  )d f t  
Angular D is t r ib u t io n s  in the Center-of-Mass System
GPTI
UJ -10
• >  • 
■ v  •
0  •  • •  •
SPTS
-05
I * *
-J -to
-0 5
LOGtE/E)
o f  the dependent v a r ia b le  from the best l i n e ) .  Method (1) is  the  more 
c o r re c t  in  t h is  case. A lso , the c o e f f i c i e n t  o f  c o r r e la t io n ,  which is  
r  = tE log (E c /<Ec >)log (E ch/<Ec|)» } / ( a i o g ( E c /<Ec > ) ] aa io g ( E ch/<Ech » ] 2} 1 /2  
f o r  these p lo t s ,  was c a lc u la te d  f o r  each Monte C arlo  sample.
The re s u l t s  f o r  the q u a n t i t ie s  described above are l i s t e d  in 
Table V I I I .  The e r ro rs  in  m and b fo r  method (1) are d i f f i c u l t  to  
e s t im a te , so none are g iven. On the bas is  o f  these re s u l ts  f o r  the
TABLE V I I I
P ro p e r t ie s  o f  the log (Ec ^/E) v s . lo g (E c /E ) P lo ts
Sample
Q u a n t i ty  Method GPTI SPTI GPTS SPTS SPTS
(V 10)
( 1) 0 . 7 I 0.66 0.81 0.76 O.73
( 1) - 1.17 - 1 .17 -0 .9 4  - 0 .98 -0 .95
(2) 0.50±0.04 0.51±0.04 0.48±0.05 0.49±0.05 O.k&kO.OJ
(2 ) - I . l t e 0.01 - 1. 13±0.01 - 0. 89±0 .0 2  - 0 . 91± 0.02 - 0 . 88± 0.02  
O.63 0.68 0. 5*f O.56 O.55
Monte C arlo  samples, the  in h e re n t c o r r e la t io n  between E ^ and Ec appears 
ra th e r  s i g n i f i c a n t ,  be ing la rg e s t  f o r  samples us ing  the is o t r o p ic  angu la r 
d i s t r i b u t i o n .  There fo re , one should be ca u tiou s  when in te r p r e t in g  
Ech“ Ec c o r r e la t io n s  observed in  p h ys ica l  j e t s .
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The Parameter as, a Measure o f  E
In la rge  emulsion s tacks such as the In te rn a t io n a l  Cooperative
Emulsion F l ig h t  s ta ck  i t  is  sometimes p o s s ib le  to  make a ra th e r  good
e s t im a te  o f  the energy E^ o f  the e le c tro m a g n e t ic  cascade r e s u l t in g
from the  decay o f  n e u t ra l  p ions produced in  an u l t r a - h ig h  energy nuc lea r
in te r a c t io n .  For the e s t im a t io n  o f  E o f  such events , H ildebrand and
S i lb e r b e r g ^  have attempted to  in co rp o ra te  th is  in fo rm a t io n  a long w i th
the u s u a l ly  a v a i la b le  in fo rm a t io n  on the c h a rg e d -p a r t ic le  angu la r
d i s t r i b u t i o n  in to  a method fo r  e s t im a t in g  the  p r im a ry  energy o f  such
events . These workers have in troduced  a "m o d if ie d  Castagnoli energy"
E1 which is  g iven by E1 = E [E. / (E where R -  N o / nc *
c  o o  f '  o n  tc s
The parameter E1 w i l l  be equal to  the energy E o f  the p a r t i c l e  o
i n i t i a t i n g  an in te r a c t io n  i f  the  fo l lo w in g  assumptions are  s a t i s f i e d :
( i )  The Castagnoli fo rm u la , Eq. ( l ) ,  g ives the c o r re c t  Lorentz f a c to r  
f o r  the cen te r-o f-m ass system o f  the c o l l i s i o n  when the mean is  taken 
o f  the log tanG values o f  both the produced charged p a r t i c le s  and the 
produced n e u t ra l  p ions ; ( i i )  the Castagnoli fo rm ula  g ives the  c o r re c t  
Lorentz fa c to r  f o r  the  cen te r-o f-m ass  system o f  the produced charged 
p a r t i c le s  (ch system) when, as is  customary, the mean is  taken over the 
log  tanG values fo r  o n ly  the produced charged p a r t i c le s ;  ( i i i )  the 
Castagnoli fo rm ula  g ives the c o r re c t  Lorentz  fa c to r  f o r  the c e n te r - o f -  
mass system o f  the produced n e u t ra l  p ions (n system) when the mean is  
taken o f  the log tanG values o f  o n ly  the produced n e u t ra l  p io ns ; ( i v )
Ech = SchE j;  (v) Ey = S^qE. where the summation is  over the produced
^ B .  H ildebrand and R. S i lb e rb e rg ,  Nuovo Cimento, Suppl. ( in
p re s s ) .
02
n e u t ra l  p ions ; ( v ! )  (Z j^ E .n) / ( S . hE.ch ) = « P t >S,o « c 8 n) / « P t >E h csc8ch)
where the s u p e rs c r ip t  on a q u a n t i t y  denotes the co o rd in a te  system in  which
the q u a n t i t y  is  eva lua ted ; and ( v i i )  (E ^ q  c s c G11) / ^ ^  c s c 0 c ^ )  = R. In
the c a lc u la t io n  o f  E ' ,  R is  assigned a f ix e d  va lue , namely, the expected
average va lue o f  Nrt0/ ns ’ H ildebrand  and S i lb e rb e rg  put R = 1 /2 fo r
the group o f  events which they analyzed; the same va lue was used in
the Monte C arlo  c a lc u la t io n s  descr ibed  below*
I t  would appear th a t  E' w i l l  have la rge  f l u c tu a t io n s  about E
because the many assumptions re q u ire d  fo r  E1 in vo lve  e q u a l i t ie s  which0
are a t  best s t a t i s t i c a l .  In the  c a lc u la t io n  o f  E1 f o r  each o f  thec
Monte C arlo  j e t s ,  the exact t o t a l  energy o f  n e u t ra l  p ions was used fo r
Ey. Thus assumption (v) is  always s a t i s f i e d  in  these c a lc u la t io n s .
C h a ra c te r is t ic s  o f  the  lo g (E ‘ /E ) d is t r i b u t i o n s  obta ined from thec
Monte C arlo  c a lc u la t io n s  are summarized in  Table V. One sees th a t  on
the average E' »  E, independent o f  the in p u t  in fo rm a t io n  used f o r  c
each sample. A p paren tly  the e f fe c t s  o f  sys te m a tic  d e v ia t io n s  from some 
o f  the e q u a l i t ie s  invo lved  in  assumptions ( i ) - ( v i i )  are m u tu a lly  com­
p e nsa t in g . As is  shown in  the Appendix A, the mean o f  the lo g (E 'c
d i s t r i b u t i o n  is  ra th e r  s e n s i t iv e  to  the in f lu e n c e  o f  the l 6 th  p a r t i c l e
o f  the j e t s .  This causes one to  v iew  w i th  some ca u t io n  the apparent
r e s u l t  th a t  on the average E1 oj E. The O’ va lues depend e s s e n t ia l l y  onc
the angu la r d i s t r i b u t i o n  used ra th e r  than on the p^ d i s t r i b u t i o n .  As
expected, the f lu c tu a t io n s  o f  in d iv id u a l  va lues o f  E^/E about the  mean
are q u i te  la rg e . For the SPTS sample the fa c to r  correspond ing  to  CT
is  3 * 1> the la rg e s t  va lue  found f o r  any o f  the e s t im a to rs  considered in
Table V. The d i s t r i b u t i o n  o f  lo g (E ' /E )  f o r  the SPTS sample is  presentedc
in  F ig . 2^.
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F igu re  2b
%
D is t r ib u t io n  o f  log (E ' /E )  f o r  the
C
SPTS Sample o f  Monte C arlo  Je ts
SPTS
10
0
- 1.0 -0.5 0.5
LOG (E'c/E )
M ir ro r  System l n e l a s t i c i t i e s  
17 18I t  has been p o in ted  ou t th a t  the q u a n t i t ie s  E ^ /E ^  and
1. 65Ech/Ec can be taken as e s t im a to rs  o f  the  m i r ro r  system charged
M Mp a r t i c l e  i n e l a s t i c i t y  and t o t a l  i n e l a s t i c i t y  K , re s p e c t iv e ly ,
where the m i r ro r  system is  the re s t  system o f  the  p r im ary  p a r t i c le .
The assumptions which must be s a t i s f i e d  f o r  the  e q u a l i t y
^ch /^c  = *^ch^ to  va l i d  a re : (a) E ^  = S ^ E . ;  (b) the Castagnoli
fo rm u la , Eq. ( l ) ,  g ives the c o r re c t  Lorentz  f a c to r  f o r  the  c e n te r -o f -
19mass system o f  the produced charged p a r t i c le s  ; (c) the v e lo c i t y  pc
( in  u n i t s  o f  c) o f  th a t  system w i th  respect to  the la b o ra to ry  system 
is  ap p ro x im a te ly  u n i t y ;  and (d) the mass o f  the e f f e c t i v e  ta rg e t
which a c tu a l l y  p a r t ic ip a te s  in  the c o l l i s i o n  is  equal to  M, the nucleon 
mass. 20 For the  e q u a l i t y  o f  I . 65E ^/E to  K^, assumptions (a) and (b) 
above are  rep laced, re s p e c t iv e ly ,  by: (a 1) l ^ ^ j E ^  = Z ^ ^ E . ;  and 
(b 1) the Castagnoli fo rm ula  g ives the c o r re c t  Lorentz fa c to r  f o r  the 
cen te r-o f-m ass  system o f  a l l  the produced p a r t i c le s .
C h a ra c te r is t ic s  o f  the d is t r ib u t i o n s  o f  lo g [   ^ anc*
lo g [  (1.65Ec ji /Ec ) /K  ]  are  presented in  Table V. D is t r ib u t io n s  f o r  the 
SPTS sample are  presented in  F igs. 25 and 26.
18
C. L. Deney, R. L. F r icken , and R. W. Huggett (unpub lished ).
19This system need not n e c e s s a r i ly  c o in c id e  w i th  the c e n te r -o f -  
mass system o f  th e  c o l l i s i o n .
20
i f  t h i s  assumption is no t s a t i s f i e d ,  Ech/E c (o r 1. 65EC(/ E c , 
d iscussed below) should be m u l t ip l ie d  by M/Mj..
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D is t r ib u t io n  o f  ^o r t 1^8
SPTS Sample o f  Monte C ar lo  Je ts
SPTS
40
30
20
-1.5 - 1.0 -0.5 0.50
L0G[(Ecl/ E e)/K“ ]
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F igu re  26
D is t r ib u t io n  o f  log  [ (1 .6 5  ^ h /Ec) / K ^ ]  ^o r t i^e 
SPTS Sample o f  Honte C a r lo  Je ts
SPTS4 0
3 0
20
0.5- 1.0
MThe average fa c to r  by which E ^ /E ^  underestimates corresponds
to  the average fa c to r  by which the Castagnoli formula overes t im ates  
y  . Thus the v a r ia t io n  o f  the mean from sample to  sample can be under­
stood in  terms o f  the  p rev ious  d iscu ss ion  o f  the Castagnoli energy 
e s t im a te . The (T va lues a ls o  va ry  from sample to  sample in  a manner
s im i la r  to  the cr va lues fo r  log(E  /E ) j  however the former O' va lues arec
s m a lle r ,  correspond ing  in the  case o f  the SPTS sample to  a fa c to r  o f  
I.7.
MThe amount o f  the sys tem a tic  unde re s t im a tion  o f  K by I . 65E ^/E
in  each sample can be understood when one co n s id e rs , as above, the
sys tem a tic  ove res t im a te  o f  y  by the Castagno li formula and a ls o  takesc
in to  account the sm a ll amount by which the fa c to r  I .65 underestim ates 
(Sg j  jE. ) / ( S . ^ E . ) on the average. The o va lues o f  the lo g [  (1.65Ec ji /E c ) /K ^ )
d is t r ib u t i o n s ,  as to  be expected, are la rg e r  than those f o r  the
lo g [  (E(.|1/E c ) /K c|i  ]  d is t r i b u t i o n s ,  bu t o n ly  s l i g h t l y — th a t  f o r  the SPTS 
sample corresponding to  a fa c to r  o f  1. 9 *
A Check o f  Apparent Two- Center E f fe c ts
The fo u r  samples o f  Monte C arlo  j e t s  were analyzed employing the
method in troduced  by the Krakow-Warsaw cosmic ray group f o r  in v e s t ig a t in g
21double-maximum s t ru c tu re  in  the angu la r d i s t r ib u t i o n s  o f  j e t s .  In 
th is  method o f  a n a ly s is ,  the d i f f e r e n t i a l  angu la r d i s t r i b u t i o n  o f  a j e t  
is  presented in  terms o f  the d i s t r i b u t i o n  o f  the q u a n t i t y  (x -  <x))/(T, 
where x = log tanQ and or = [E  ^ (x  -  ( x ) ) ^ / ( n s -  l ) ] * ^ .  The in te r v a ls
pi
J. G ie ru la ,  M. M iesowicz, and P. Z ie l i n s k i ,  Nuovo Cimento 18, 
102 ( I 960) .
o f  (x -  <x))/or used f o r  p l o t t i n g  the  d i s t r i b u t i o n  are  chosen to  correspond
to  equal areas under a Gaussian curve .________________________
F igure  27 shows f o r  the GPT1 and SPTS samples o f  j e t s  the composite 
d i s t r i b u t i o n  o f  (x -  ( x ) ) / ^  fo r  a l l  j e t s ,  as w e l l  as f o r  o n ly  those 
having O' > 0 .6 .  I t  is  apparent th a t ,  f o r  the  Monte C arlo  j e t s ,  a 
sys tem a tic  s e le c t io n  o f  events having s t a t i s t i c a l  f l u c tu a t io n s  towards 
a bimodal angu la r d i s t r i b u t i o n  is  not in troduced  by the s e le c t io n  c r i t e r i o n  
<J > 0 .6  which is  sometimes used by the Krakow-Warsaw group fo r  s e le c t in g  
an en r iched  sample o f  tw o -c e n te r - ty p e  events . This con firm s the con-
22 23e lu s io n s  o f  somewhat s im i la r  s t a t i s t i c a l  s tu d ie s  made by G ie ru la  e t  a l .  ’
Summary and Conclusions
In Table IX are  summarized some re s u l t s  obta ined in  t h i s  chapter
from the SPTS j e t  sample, which o f  the samples considered should have
p ro p e r t ie s  correspond ing  the most c lo s e ly  to  those o f  p h y s ic a l  j e t s .
The f i r s t  column o f  the ta b le  p resents the average c o r re c t io n  fa c to r  by
which Y(0) should be m u l t ip l ie d  to  o b ta in  y . The second column gives
fa c to rs  which are  the a n t i  lo g a r i  thms o f  <J o f  the lo g [Y ( 0 ) / y ]  d i s t r i b u t i o n s .
These fa c to rs  d e f in e  the approximate 68 ° / o  con fidence  in t e r v a l  fo r
f lu c tu a t io n s  o f  Y (0 ) /y  from the mean in  in d iv id u a l  j e t s .
The most re l ia n c e  can be p laced in  the re s u l t s  r e la t in g  to  the
Castagnoli energy E s ince  i t  has been shown th a t  these re s u l t s  arec
ra th e r  independent o f  the d e ta i l s  o f  the Monte C arlo  c a lc u la t io n .
^ J .  G ie ru la ,  D. M. Haskin, and E. Lohrmann, Phys. Rev. 122, 
626(1961).
oy
F igu re  27
 Typ i cal_D i s t  r  i but ions o f  (x -  ( x » / g  f o r  Monte C arlo
Samples Based on the Two Center-of-Mass 
Angular D is t r ib u t io n s  Used
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A Gaussian d i s t r i b u t i o n  o f  x would be represented by a h o r iz o n ta l  l in e  
in  t h i s  c o o rd in a te .  S o l id  l in e :  d i s t r i b u t i o n  fo r  the charged p a r t i c le s
o f  a l l  events in  each sample. Dashed l in e :  d i s t r i b u t i o n  f o r  the charged
p a r t i c le s  o f  those events having ct> 0 .6 .
TABLE IX
Average C o rre c t io n  Factors fo r  Various Parameters 
and a Measure o f  t h e i r  F lu c tu a t io n s  as Determined 
from the SPTS Sample o f  Monte C ar lo  Jets
A p p l ic a t io n  o f  average Factor d e f in in g
c o r re c t io n  fa c to rs :  68 ° / o  confidence
y = <y/Y(0)>Y(e) in t e r v a l
E = o.5 6 ec 2.3
E *  6 - 2Ech 2.0
E = 0.93E1c 3.1
EchEi -  ‘ - “ ch 1.8
Sa l l Ei - 2 .0
s ehE *  ■ 1-5
KchM "  ‘ " ' W 1-7
km = a .0 ( 1. 65Eeh/Ec ) 1.9
R esu lts  f o r  the o th e r  parameters were found to  ,be somewhat more s e n s i t iv e .  
I t  can be seen from Table IX, however, th a t  f o r  a l l  parameters, the 
fa c to rs  correspond ing  to  cr o f  the lo g [Y ( 0 ) / y ]  d is t r ib u t io n s  are  not 
g re a t ly  d i f f e r e n t  from 2.
The co o rd in a te  lo g (y  tanQ), w i th  y  g iven by Eq. ( l ) ,  was found to  •
C 0
/V
reproduce f a i r l y  w e l l  the genera l shape o f the d i f f e r e n t i a l  logCtan (0 * / 2 ) ]  
d i s t r i b u t i o n  and o f  the D u l le r-W a lke r  ( in t e g r a l )  p lo t  o f  lo g [ ta n (0  /2 ) ]»  
The q u a n t i t y  0<.| r e f le c t s  f a i r l y  w e l l  the o v e r - a l l  shape o f  the  0 
d is t r i b u t i o n .  N e ith e r  lo g (y c tan0) nor 0 g j,  however, is  s e n s i t iv e  to  
the ve ry  d e ta i le d  c h a r a c te r is t ic s  o f  the angu la r d i s t r i b u t i o n  in  the
cen te r-o f-m ass  system.
Some c o r r e la t io n  was found to  e x is t  between E , and E . Thisch c
c o r r e la t io n  is  a p p a re n t ly  in h e re n t in  the mathematical na tu re  o f  E ^
and o f  E . 1c
The a p p l ic a t io n  o f  the (x -  ( x ) ) / c  a n a ly s is  o f  the Krakow-Warsaw 
group in d ic a te s ,  a t  le a s t  f o r  the in te r a c t io n  models cons idered , th a t  
f l u c tu a t io n s  w i l l  no t cause spurious tw o -cen te r e f fe c t s  to  be in d ic a te d
CHAPTER IV v
FOUR-MOMENTUM TRANSFER IN ULTRA-HIGH 
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This chap te r deals w i th  a s in g le  p h ys ica l  q u a n t i t y  y and w ith  an 
e s t im a to r  Y(0) o f  y . Th is  p h y s ic a l  q u a n t i t y  is  the four-momentum 
t r a n s fe r  between two groups o f  the produced p a r t i c le s  o f  a j e t ,  |b | ,  
to  be de f ined  s h o r t l y .  The e s t im a to r  Y(0) is  the four-momentum t ra n s fe r  
parameter, I & J ,  in troduced  by Hasegawa and Y o ko i. *  Because measure­
ment o f  the four-momentum t r a n s fe r  in  j e t s  is  a recent development, a 
ra th e r  complete s tudy  o f  |8| and |A^| us ing the Monte C arlo  j e t s  has 
been performed; and because the p o s s ib le  consequences o f  th is  development 
a re  fa r - re a c h in g ,  t h i s  s u b je c t  is  im portan t enough to  w a rra n t devoting  
a separate chap te r  to  i t .  Before going in  medias re s , i t  is  in fo rm a t iv e  
to  t ra ce  the  development o f  the  parameter f o r  measuring |B | .
In recen t years, the trend  th a t  the meson shower p a r t i c le s
produced in  an u l t r a - h ig h  energy in te r a c t io n  o f te n  e x h ib i t  s p a t ia l
2-5groupings has led to  the p roposa l o f  a model in  which t h is  genera tion
*S. Hasegawa and K. Yoko i, Uchusen Kenkyu (Japanese Cosmic Ray 
C ir c u la r )  186 (19&2)• This parameter was a ls o  reported  on b e h a lf  o f  
Hasegawa and Yokoi by S. Hayakawa in  Proceedings o f  the  1962 In te rn a t io n a l  
Conference on Hi gh Energy Phys i cs a t  CERN, edi ted by J. P ren tld  (CERN 
S c ie n t i f i c  In fo rm a tio n  S e rv ice , Geneva, 19^2), p* 6^3*
p
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o f  p a r t i c le s  in  groups or " f i r e b a l l s "  is  the fundamental p ro d u c t io n  
mechanism. A bas ic  q u a n t i t y  f o r  c h a ra c te r iz in g  these in te ra c t io n s  is  
the four-momentum t r a n s fe r  between the groups; t h i s  four-momentum t r a n s fe r  
is  s tu d ie d  here. The importance o f  t h i s  q u a n t i t y  goes beyond i t s  
r e la t io n  to  the f i r e b a l l  model because i t  is  a Lorentz  in v a r ia n t  
q u a n t i t y ,  and such q u a n t i t ie s  are  va lu a b le  fo r  j e t  s tu d ies  where the re  
is  d i f f i c u l t y  in  d e te rm in ing  the in c id e n t  p a r t i c l e ' s  energy.
A parameter fo r  measuring th e  four-momentum t r a n s fe r  between f i r e ­
b a l l s  was f i r s t  in troduced  by Niu in  h is  v e rs io n  o f  the  f i r e b a l l  model.
He c a l le d  t h i s  parameter the "momentum o f  i n t e r a c t io n "  and found i t  to  
be d is t r ib u te d  around 1 BeV. However, the "momentum o f  in t e r a c t io n "  
was the four-momentum t ra n s fe r  between the f i r e b a l l s  f o r  the s p e c ia l  
case o f  sym m etrica l p ro du c t io n  o f  the two f i r e b a l l s  in  the c e n te r -o f -  
mass system, so th a t  the t im e - l i k e  component (energy) o f  the s p a c e - l ik e  
fo u r - v e c to r  d e s c r ib in g  the momentum t r a n s fe r  was ze ro . W ith  the
obse rva t io n  o f  asym m etrica l em ission o f  p a r t i c le s  in  the cen te r-o f-m ass
6 7system, the "momentum o f  in t e r a c t io n "  concept was g e n e ra l iz e d 1 to
inc lu d e  the energy component in  o rd e r to  account f o r  t h is  asymmetry. Up
to  t h i s  t im e, the shower p a r t i c l e  groups were id e n t i f i e d  w i th  not always
d i s t i n c t  c lu s te r s  o f  p o in ts  on the log tan0 p lo t .  To avo id  the am b igu ity
o f  id e n t i f y in g  the meson groups and to  increase s t a t i s t i c a l  accuracy,
^N. L. G r ig o ro v , V. V. Guseva, N. A. D ob ro t in , K. A. K o te ln ik o v ,
V. S. M urzin , S. V. Ryabikov, and S. A. S la v a t in s k y ,  Proceedings o f  the 
Moscow Cosmic Ray Conference ( In te r n a t io n a l  Union o f  Pure and A pp lied  
Physics, Moscow, 19^0), V o l.  1, p. 143*
7
'E. G. Bubelev, Proceedings o f  the  Moscow Cosmic Ray Conference 
In te rn a t io n a l  Union o f  Pure and A pp lied  Physics, Moscow, I960 ), V o l.  TJ 
p. 285; Z. Koba and A. K rzyw ick i,  Acta Phys. Polon 21, 153 (1962); and
K. N iu, J. Phys. Soc. Japan 12, Suppl. A - I I I ,  ^77 ( 1962) .
g
Hasegawa and Yokoi re c e n t ly  in troduced  a more gene ra l ize d  parameter 
and procedure f o r  de te rm in ing  the four-momentum t r a n s fe r  between two 
groups o f  produced p a r t i c le s  o f  a j e t .  In  a g iven j e t ,  they s y s te m a t i­
c a l l y  d iv id e d  the shower p a r t i c le s  in to  two groups: one group con s is ted
o f  a l l  p a r t i c le s  w ith  6 values less than a c e r ta in  va lue , the o th e r 
group cons is ted  o f  the  remaining p a r t i c le s ,  and a l l  p o ss ib le  such 
d iv is io n s  in to  two groups were made. The Hasegawa and Yokoi parameter, 
denoted^ by |a J  th roughout, u t i l i z e s  0 va lues and constancy o f  t ransve rse  
momenta o f  the produced p a r t i c le s  to  determ ine a d e l ib e ra te  underestim ate  
o f  the four-momentum t ra n s fe r  between two groups o f  shower p a r t i c le s .  
Fu jioka  e t  a l . ,  some o f  the Japanese c o l la b o ra to rs  o f  the In te rn a t io n a l  
Cooperative Emulsion F l ig h t  (ICEF), r e p o r t e d ^  re c e n t ly  an in te r e s t in g  
study a p p ly in g  t h i s  parameter and procedure to  the ICEF j e t s  and 
comparing the re s u l ts  w i th  p re d ic t io n s  o f  the m u lt i  p e r ip h e ra l  model o f  
Ama t  i e t  a_l. * *
In t h is  chap te r, the Monte C arlo  j e t s  are used to  s tudy the
parameter as i t  was t re a te d  by Fu jioka  e t  al_. F i r s t ,  the
8n .Op. c i t .
^The s u b s c r ip t  A w i l l  mean th a t  o n ly  the lo n g i tu d in a l  ( p a r a l le l  
to  the d i r e c t io n  o f  the  in c id e n t-n u c le o n  motion) component o f  the th re e -  
momentum is  used where the three-momentum appears e x p l i c i t l y  in  the ex­
p ress ion  f o r  the square o f  the four-momentum t r a n s fe r .  Thus q u a n t i t ie s  
w ith  the s u b s c r ip t  & are not s t r i c t l y  f o u r - momentum t r a n s fe r s .  A lso  the 
abso lu te  va lue symbols w i l l  in d ic a te  the magnitude o f the q u a n t i t y ,  j_ .e . , 
the square roo t o f  the sum o f  the squares o f  the components.
^ G .  F u jioka , Y. Maeda, 0. Minakawa, M. M iyagak i, Y. Tsuzuk i, I .
Mi to ,  K. Kobayakawa, H. Shimoida, H. Nakatani. 0. Kusumoto, K. N iu, and
K. Nishikawa, Nuovo Cimento, Suppl. ( in  p re ss ) .
**D. Amati, S. F u b in i,  and A. S ta n g h e l l in i , Nuovo Cimento 26,
896 (1962).
exper im enta l |A^| d i s t r i b u t i o n  o f  Fu jioka  e t  al_. is  compared w ith  the 
Monte C arlo  |a J  d i s t r i b u t i o n s ,  the purpose being th a t  the comparison 
may in d ic a te  experim enta l j e t  p ro p e r t ie s  which can o r  cannot be exp la ined  
in  terms o f  p ro p e r t ie s  o f  the Monte C a r lo  models, Now, f o r  the Monte 
C arlo  j e t s ,  w ith  assumptions about the masses and transve rse  momenta o f  
the nucleons th a t  s u rv iv e  the c o l l i s i o n ,  the re  is  s u f f i c i e n t  in fo rm a t io n  
to  c a lc u la te  e x a c t ly  from i t s  d e f in in g  equation  the  four-momentum t ra n s fe r  
between two groups o f  produced p a r t i c le s ;  t h is  w i l l  be c a l le d  the "a c tu a l  
four-momentum t r a n s f e r . "  Next is  determined a q u a n t i t a t iv e  es tim a te  
o f  the amount by which | A j  is  an underestim ate  o f  t h i s  a c tu a l  fo u r -  
momentum t r a n s fe r .  F in a l l y ,  the d is t r ib u t i o n s  o f  a c tu a l  four-momentum 
t ra n s fe r  o f  the Monte C arlo  j e t s  are themselves presented in  order 
t o  demonstrate the a c tu a l four-momentum t r a n s fe r  th a t  would be expected 
from j e t s  having average exper im enta l p ro p e r t ie s .
The Four-Momentum T ran s fe r  Parameter
The four-momentum t r a n s fe r  between two groups, 1 and 2, o f  p ro ­
duced p a r t i c le s  o f  a j e t  is  de f ined  by
5 = (P10 P1 ^ lki  ^ = ” P^20 P2 ” ^2kj ^  ^
where Pjq and P^q (Pj and P^) are the  four-momenta o f  the in c id e n t  and 
ta rg e t  p a r t i c le s  be fo re  ( a f t e r )  the c o l l i s i o n ,  re s p e c t iv e ly ,  and k. and 
k j  are  the four-momenta o f  the produced p a r t i c le s  o f  groups 1 and 2, .
re s p e c t iv e ly .  The p o in t  o f  v iew  taken here is  th a t  group 1 is  always 
assoc ia ted  w i th  the in c id e n t  p a r t i c l e  and group 2 w i th  the  ta rg e t  
p a r t i c le .
F i r s t ,  a b r i e f  rev iew  o f  the d e r iv a t io n  o f  the parameter |A^| from 
Eq. (2) is  necessary. I t  is  d e s ire d  to  have an underestim ate  o f  the
magnitude o f  5 . Taking the lo n g i tu d in a l  component o f  the three-momenta 
th a t  appear e x p l i c i t l y ,  assuming ( i )  the p o la r  angles o f  em ission 0 are 
much less than u n i t y ,  and o m it t in g  the terms r e la t in g  to  the c o l l i d i n g  
p a r t i c le s ,  one f in d s
Afl2 = €S1Pt  ^C1 + C i../p t< ) 2] t a n 0 . }
x C2^>t # [ c 0 t®j + £  0  + [ l ^ j / p t  ] 2) t a n 0 j ] } ,  (3 )
where p is  the mass o f  each o f  the produced p a r t i c le s .  I f  ( i i )  the 
mean tra n sve rse  momentum (p ^ )  i s  approx im ate ly  equal t o  0 .4  BeV/c and 
is  independent o f  0, i f  ( i i i )  groups 1 and 2 c o n ta in  seve ra l p a r t i c le s ,  
and i f  ( i v )  the charged and n e u t ra l  p a r t i c le s  have s im i la r  angu la r 
d i s t r i b u t i o n s ,  Eq. (3) reduces to
= l - 5 <Pt >C(S1tan 0 . ) ( E 2c o t0j ) ] 1/2 (4)
a f t e r  a p o s i t iv e  term in  each summation is  dropped. Equation (4) is  
the express ion  fo r  the  parameter used by Fu jioka  e t  a l .  The assumptions 
going, i n t o  t h i s  parameter a re  the  statements numbered ( i )  through ( i v )  
above, ( i i )  and ( i v )  being s a t i s f i e d  on the average by the Monte C arlo  
j e t s .  The approx im ations th a t  the lo n g i tu d in a l  component o f  the th ree - 
momentum may be used, th a t  a .p o s i t iv e  term in  each summation o f  Eq. (3) 
can be dropped ( in  o rder to  s im p l i f y  the express ion  f o r  |A jJ )>  and th a t  
s t a t i s t i c a l  m ix ing  o f  p a r t i c le s  between groups 1 and 2 can be neglected 
are  not numbered as assumptions because |A^| is  intended to  be an 
underestim ate  o f  |S| and because these approx im ations a l l  reduce the 
magnitude o f  the  parameter. The e f f e c t  due to  omission o f  the terms 
r e la t in g  to  the c o l l i d i n g  p a r t i c le s  w i l l  be c l a r i f i e d  in  Appendix B.
The parameter is  t re a te d  here as i t  was t re a te d  by Fu jioka  e t  a l . ,
as fo l lo w s .  For each j e t ,  group 1 (group 2) con s is ted  o f  p a r t i c le s
having log  tanQ. sm a lle r  than ( lo g  tan©j la rg e r  than) some d iv id in g  p o in t
on the log  tan6 p lo t ;  the d iv id in g  p o in t  was p laced success ive ly  between
ad jacen t c h a rg e d -p a r t ic le  log  tan© va lues . Because o f  assumption ( i i i )
and because o f  the omission o f  terms r e la t in g  t o  the c o l l i d i n g  p a r t i c le s ,
the two va lues correspond ing  to  th e  d iv id in g  p o in t  be ing  between
12the two la rg e s t  and two sm a lle s t  c h a rg e d -p a r t ic le  log tan© values were 
considered ambiguous as es tim a tes  o f  |&| and were not inc luded  in  the 
a n a ly s is .  Thus, th e re  were ng -  3 va lues o f  |A^| per j e t .
Now, the exper im enta l | A j  d i s t r i b u t i o n  ob ta ined  by Fu jioka  e t  a l .  
is  g iven in  F ig . 28, and t y p ic a l  Monte C ar lo  r e s u l t s  f o r  j e t s  having 
is o t r o p ic  and ( l / s in © ) d O '  angu la r d i s t r i b u t i o n s  in  the cen te r-o f-m ass  
system are  presented in  F ig . 29- The means and standard d e v ia t io n s  (X 
fo r  a l l  d is t r i b u t i o n s  are l i s t e d  in  Table X; a ls o  shown in  Table X is  
th e  e f f e c t  o f  in c lu d in g  the values correspond ing  to  end log tan©
d iv id in g  p o in ts ,  the e f f e c t  be ing  to  increase the  frequency o f  sm all 
| A j  va lues .
Before comparing the exper im enta l and Monte C ar lo  |A^| d i s t r i b u t i o n s ,
some fa c to rs  which in f lu e n c e  the magnitude o f  |a J  should be p o in te d  ou t.
P roperty  (a): The va lue  o f  |A^| correspond ing  to  a p a r t i c u la r  d iv id in g
p o in t  is  app rox im a te ly  p ro p o r t io n a l  to the d e n s i ty  o f  log tan© va lues
13in  the neighborhood o f  the d iv id in g  p o in t  ; p a r t i c le s  f a r t h e r  than 
12 In what fo l lo w s ,  such d iv id in g  p o in ts  w i l l  be re fe r re d  to  as 
end log tan© d iv id in g  p o in ts .
^ F o r  example, compare the  means o f  the |a J  d i s t r i b u t i o n s  f o r  the 
Monte C arlo  models having the is o t r o p ic  d i s t r i b u t i o n  w i th  those having 
the (1 /s in © *)d P *  d is t r ib u t i o n s ;  see Table X.
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F igu re  28
D is t r ib u t io n  o f  | A  ^ | Parameter f o r  70 P rim ary and 
Secondary ICEF Je ts  as Reported by F u j io ka  e t  a l .
EXPERIMENT100
CL
UJ
CD
5
i  50
4.0 5.0 6.03.02.00 1.0
|A,| (BEV)
The j e t s  used f o r  t h i s  d i s t r i b u t i o n  have N. = 0,1 arid energ ies 
~  10^ -  I t r*  BeV. Values o f  | A i  | correspond ing  to  end log tan0 
d iv id in g  p o in ts  are not shown.
79
F igu re  29
T yp ica l D is t r ib u t io n s  o f  the | | Parameter C a lcu la ted  f o r
Monte C ar lo  Je ts  from Samples us ing  the Is o t r o p ic  and the 
( l / s i n 0' ) d f t  Angular D is t r ib u t io n s
SPTSGPTI
200
z l O O
2.0 3.02.03.0 0 1.01.00
|A j| (BEV) |A|| (B E V )
Values o f | A  4 | corresponding to  end log tang d iv id in g  p o in ts  are 
not shown. These d i s t r ib u t i o n s  and th a t  o f  F ig .  28 are normalized 
to  a pp rox im a te ly  the same area.
TABLE X
C h a ra c te r is t ic s  o f  the  Experimenta l and Monte C arlo  
D is t r ib u t io n s  o f  the Four-Momentum T ra n s fe r  Parameter |A ^ |a
Monte C arlo  Sample
Experiment GPTI SPTI GPTS SPTS SPTS
(ns= 10)
Exc lud ing  va lues correspond ing  to  end log tan6 d iv id in g  p o in ts  
Mean 2 .0  1.63 1 .6 l  1.26 1.27 1*28
a  O.96  0.40 0.40 O.37  O.3 7  O.32
In c lu d in g  values correspond ing  to  end log tan6 d iv id in g  p o in ts  
Mean 1.8 1.47 1.46 1.13 1.14 1.15
a O.98 0 .47  0 .47  0.43 0.43 0*39
Using the minimum |A^| va lue  o f  each j e t  
Mean 1.1 1 .2  1 .2  0.9 0 .9  0 .9
Or 0 .42  0.26  0.26  0.25 0.26 0.26
aA l l  numbers have u n i ts  o f  BeV.
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From the d i s t r i b u t i o n  o f  Fu jioka  e t  a l .
rough ly  ± 1.0 ( lo g a r i th m ic  sca le )  from the d iv id in g  p o in t  u s u a l ly  have 
l i t t l e  e f f e c t  on the correspond ing  |A | va lue . P ro p e rty  (b ) :  For a
Xj
group o f  j e t s  having s im i la r  log ta n 0 d is t r ib u t i o n s ,  as is  the case f o r  
the j e t s  o f  a p a r t i c u la r  Monte C arlo  sample, |A^| is  n e a r ly  p ro p o r t io n a l  
to  ngj  ta k in g  |A^| «  ng^, then p = 0.76±0.04 fo r  the SPTS Monte C arlo  
j e t s .  The .experim enta l r e s u l t s  o f  Fu jioka  e t  a_l.. in d ic a te  agreement
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w ith  t h i s  p ro p e r ty ;  us ing F ig . 6 o f  Fu jioka  e t  a j . . , l i f  one f in d s  a 
va lue o f  (3»j 0.8±0. 1. P roperty  (c ) :  The |A ^ j va lues are  independent,
o f  a t r a n s la t io n  o f  a g iven d i s t r i b u t i o n  o f  log tan0 values a long the 
log tan0 sca le ; th e re fo re  | a J  is  independent o f  y  , the Lorentz fa c to r  
o f  the cen te r-o f-m ass  system, p rov ided the log tan0 d i s t r i b u t i o n  is  
independent o f  y  . P rop e rty  (c) is  e v id e n t from the fu n c t io n a l  form o f
V
|A ^ | ;  a ls o  the experim enta l r e s u l ts  shown in  Fig. 7 o f  Fu jioka  e t  a l .  
in d ic a te  th a t  | a J  is  independent o f  y  .
F in a l l y ,  comparison o f  the  experim enta l and Monte C arlo  |A^| 
d is t r ib u t io n s  shows th a t  both  in d ic a te  la rg e  four-momentum t ra n s fe rs  
w ith  magnitudes g re a te r  than a nucleon mass. This is  an im portan t p o in t .
The main d i f fe re n c e s  one sees are  th a t  the exper im enta l d i s t r i b u t i o n ,  f i r s t ,  
peaks a t  a h ighe r |A^| va lue  and, second, has a more pronounced t a i l  
ex tend ing  to  h igh values o f  |A ^ | tha n  the Monte C arlo  d is t r ib u t i o n s .
These two d i f fe re n c e s  may be exp la ined  in terms o f  p ro p e r t ie s  (a ) ,
(b ), and (c) above. Because o f  p ro p e r ty  ( c ) ,  the fa c t  th a t  the  p r im ary  
energy o f  the exper im enta l j e t s  f lu c tu a te s  w h i le  th a t  o f  the Monte C arlo  
j e t s  does not is  f e l t  to  make o n ly  a small c o n t r ib u t io n  to  these d i f fe re n c e s .  
The f i r s t  d i f fe re n c e ,  the p o s i t io n  o f  the peaks, may be e xp la ined  by 
p ro p e r ty  (b) because the average m u l t i p l i c i t y  o f the exper im enta l j e t s  
is  13*4 compared w i th  9 .8  fo r  the Monte C a r lo  j e t s .  The experim enta l 
peak occurs a t  a |A^| va lue  rough ly  13*4 /9 .8  times th a t  o f  the Monte 
C arlo  peaks. The second d i f fe re n c e ,  the exper im enta l high-momentum 
t r a n s fe r  t a i l ,  is  more in t e r e s t in g ,  Such la rg e  va lues o f  |A^| a r is e  
through p ro p e r t ie s  (a) and (b) from s u b s ta n t ia l  f lu c tu a t io n s  in  a few
14_
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events to  la rg e r  m u l t i p l i c i t y  and to  c o rre sp o n d in g ly  h ighe r d e n s i t ie s
in  some reg ion  o f  the log tan0 p lo t  than is  p o s s ib le  fo r  the  Monte C arlo  
15models. I f  the Monte C arlo  models are taken to  rep resen t u l t r a - h ig h  
energy e lementary c o l l i s i o n s ,  then la rg e r  exper im enta l m u l t i p l i c i t i e s  and 
log tanQ d e n s i t ie s  m igh t be e xp la ine d  by secondary in te ra c t io n s  o c c u r r in g  
in s id e  the ta rg e t  nucleus. A lthough th is  e f f e c t  is  m it ig a te d  because 
o n ly  events w i th  the number o f  h e a v i ly  io n iz in g  tra cks  = 0,1 were 
used by Fu jioka  e t  a L , i t  is  p robab ly  p resen t in  a few events nonethe­
le ss . However, i f  the exper im enta l j e t s  a re  a l l  e lem entary in te ra c t io n s ,  
h igher log tan0 d e n s i t ie s  are  p o s s ib le  due to  the presence o f  s tro n g e r  
c o r re la t io n s  among the produced p a r t i c le s  o f  a few j e t s  than e x is t  in  
the Monte C ar lo  j e t s .
The exper im enta l r e s u l ts  were compared by Fu jioka  e t  al,. w i th  a 
d is t r i b u t i o n  o f  the upper l i m i t  o f  the four-momentum t r a n s fe r  c a lc u la te d  
fo l lo w in g  the m u l t ip e r ip h e ra l  model o f  Amati e t  aJL ^  The d i s t r i b u t i o n  
in  F ig . 28 showed la rge  d isc repanc ies  w i th  the d i s t r i b u t i o n  p re d ic te d  by 
the m u lt i  p e r ip h e ra l  theo ry  i f  one assumes th a t  the .magnitude o f  the 
four-momentum t r a n s fe r  is  o f  the o rder o f  the rt-meson mass. The d is ­
t r i b u t i o n  o f  the minimum |a J  va lue  (e xc lu d ing  the  |A^| values correspond ing  
to  end log tan0 d iv id in g  p o in ts )  f o r  each event was a ls o  compared to  
see i f  the d isc re p an c ie s  could be reduced, bu t some d i f fe re n c e s  between 
theo ry  and experiment remained. The experim enta l and Monte C arlo  
d is t r ib u t i o n s  o f  the minimum values are  compared in  Table X. I t
15y K. Kobayakawa and K. Niu have confirm ed (p r iv a te  communications) 
th a t  the exper im en ta l t a i l  is  due to  a few events w i th  la rge  m u l t i p l i c i t y  
(n » 30).
16 .
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can be seen th a t  about the same changes occur in  going from one Monte
C arlo  sample to  another as occurred fo r  the  d is t r ib u t io n s  o f  a l l  va lues
o f  , and th a t  the exper im enta l di s t r i  bu t ion , a lthough  broader, is
11not in  disagreement w i th  the Monte C arlo  r e s u l t s .  1
The Parameter as a Measure o f  the A c tua l 
Four-Momentum T rans fe r
The next s tep is  to  determ ine how w e l l  |A^| is  a measure o f  the
a c tu a l  four-momentum t r a n s fe r  w i t h in  the framework o f  the  Monte C arlo
models. The cen te r-o f-m ass  data on the Monte C arlo  j e t s  plus assumed
values o f  masses M and tra nsve rse  momenta p^ o f  the r e c o i l  baryons
n
are s u f f i c i e n t  in fo rm a t io n  to  c a lc u la te  |& | from Eq. (2 ) .  For t h is
s e c t io n ,  both baryons are  assumed to  s u rv iv e  w i th  M = M, the nucleon
re s t  mass, and w i th  pt  = 0 .4  BeV/c, s ince  these values g ive  f a i r l y
n *
re p re s e n ta t iv e  re s u l ts  when M and p^ are  v a r ie d .  The e f fe c ts  o f
n
va ry in g  these q u a n t i t ie s  a re  small and are  demonstrated in  the next 
s e c t io n .  The d iv is io n s  o f  the produced p a r t i c le s  in to  two groups 
were the same as used f o r  the c a lc u la t io n  o f  |A^| va lues , the n e u t ra l  
p a r t i c le s  being inc luded in  the log  tan© p lo t .  Thus, every va lue  o f  
|a J  has corresponding va lues o f  |&^| and |& | ,  both  o f  which |A^| can
17Since F ig. 28 inc ludes  both p r im ary  and secondary j e t s ,  the 
exper im enta l d i s t r i b u t i o n  represen ts  an adm ixture  o f  meson- and nucleon- 
i n i t i a t e d  even ts . However, the  p ro p e r t ie s  b u i l t  in to  the Monte C arlo  
j e t s  were observed m a in ly  in  nucleon-nucleon in te ra c t io n s .  W ith in  the 
accuracy o f  cosmic ray experim ents , the re  appears to  be no evidence fo r  
d i f fe re n c e s  which m ight e x is t  between p ro p e r t ie s  o f  meson-versus nucleon- 
i n i t i a t e d  j e t s  beyond the k in e m a tica l ones. A lso  K. Kobayakawa, using 
another four-momentum t r a n s fe r  parameter (see fo o tn o te  23 o f  t h i s  cha p te r)  
found no d i f fe re n c e  in  the four-momentum t r a n s fe r  p ro p e r t ie s  o f  p r im ary  
and secondary j e t s .
be considered a measure. F igure  30 presents t y p ic a l  d is t r ib u t i o n s  o f 
and | A ^ | / | s |  f o r  i s o t r o p ic  and (1 /s in 0 * ) d f^  angu la r d i s t r i -
bu tions  in  the cen te r-o f-m ass  system, and lab le  XI summ arizes—the___
d is t r ib u t io n s  o f  | A ^ | / | 8 ^ |  and | A ^ | / | s |  f o r  a l l  o f  the Monte C arlo  
m o d e ls .^  Since I .65 is  the proper average fa c to r  to  c o r re c t  f o r  the 
presence o f  n e u t ra l  p a r t i c le s  in  the Monte C arlo  j e t s ,  I .65  was used 
ins tead  o f  1.5 in  computing |A^| f o r  these r e s u l t s .  The means o f  the 
d is t r ib u t io n s  fo r  the GPTI sample are la rg e r  than those f o r  the SPTI 
sample by approx im a te ly  the  inverse  o f  the r a t io s  o f  the means o f  the 
Pt  d is t r ib u t io n s  o f  these re sp e c t ive  models ( s im i l a r l y  f o r  the  GPTS 
and the SPTS samples). Table XI shows th a t  |A^| as a measure o f  the  
a c tu a l  four-momentum t ra n s fe r  is  ra th e r  independent o f  the angu la r 
d i s t r i b u t i o n  and th a t  the |A ^ | / |  6 | va lues corresponding to  end log tan0 
d iv id in g  p o in ts ,  w h i le  they broaden the d is t r ib u t i o n s  s l i g h t l y ,  do not 
a f f e c t  la rg e ly  the  mean va lue  o f  the r a t i o  |A jJ / |  5 | .
The A c tua l Four-Momentum T rans fe r
The d i s t r i b u t i o n  o f the  a c tu a l  four-momentum t r a n s fe r  f o r  the 
Monte C arlo  j e t s  is  o f in t e r e s t  because i t  is  the d i s t r i b u t i o n  o f  fo u r -  
momentum t ra n s fe r  between two groups o f  p a r t i c le s  o f  j e t s  possessing
18 I f  log tan0 va lues f o r  n e u t ra l  p a r t i c le s  f a l l  between the 
log tan0 values f o r  two charged p a r t i c le s ,  then the re  a re  seve ra l |&| 
values correspond ing  to  the  |A^| f o r  which the d iv id in g  p o in t  f a l l s  be­
tween the log  tan0 values fo r  the two charged p a r t i c le s .  The con­
ve n t io n  fo l lo w e d  here was th a t  the |A^| correspond ing  to  the d iv id in g  
p o in t  ly in g  between the loa  tan0 values f o r  the two charged p a r t i c le s  
was assoc ia ted  w i th  the | 5 [ correspond ing  to  the d iv id in g  p o in t  be ing 
between the la rg e r  c h a rg e d -p a r t ic le  log tan0 va lue  and the next sm a lle r  
n e u t ra 1 -p a r t ic le  log  tan0 va lue .
^T h e  l in e a r  ra th e r  than the lo g a r i th m ic  d i s t r i b u t i o n  o f  the 
r a t i o  fo r  t h is  q u a n t i t y  appears to  be more n e a r ly  Gaussian, so the 
l in e a r  d i s t r i b u t i o n  is  used.
T yp ica l D is t r ib u t io n s  o f  | A ^  | /  | 6^ | f o r  Monte C ar lo  Samples Based
on the Is o t r o p ic  and the ( l / s in 0 *  )d f l  Angular D is t r ib u t io n s
SPTSGPT I
300
100
2.0 20
The | | va lues were c a lc u la te d  us ing  the f a c to r  1.65 in p lace o f
1.5 to  c o r re c t  f o r  the presence o f  n e u tra l  p a r t i c le s ,  and | 6^ | was 
found us ing  p to  = 0 .4  BeV/c and M* = M. Values corresponding to  end 
log  tan0 d iv id in g  p o in ts  are not shown.
F igure  30(b)
T yp ica l D is t r ib u t io n s  o f  | A   ^ J  /  | 6 J f o r  Monte C ar lo  Samples Based 
on the I s o t r o p ic  and ( l / s i n 0 ‘ )dflT Angular D is t r ib u t io n s
GPT SPTS
300
cd 200
100
2.0 2.0
The | A  I  | va lues were c a lc u la te d  us ing  the fa c to r  1.65 in  p lace  o f  
U5 to  c o r re c t  f o r  the presence o f  n e u tra l  p a r t i c l e s ,  and | f i |  was 
found us ing  p t n = 0 .4  BeV/c and M* = M. Values corresponding to  
end log tan0 d iv id in g  p o in ts  are not shown.
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TABLE XI
C h a ra c te r is t ic s  o f  the D is t r ib u t io n s  o f  the R atios  o f  the |A^| 
Parameter3 to  the A c tu a l Four-Momentum T ra n s fe r*1 and C h a ra c te r is t ic s  
o f  the D is t r ib u t io n s  o f  A c tua l Four-Momentum T ra n s fe r0
Monte C arlo  Sample
D is t r ib u t io n  GPTI SPTI GPTS SPTS SPTS
<V 10)
Exclud ing  values correspond ing  to  end log  tan6 d iv id in g poi nts
K l / l s j Mean 0.81 O.74 O.83 O.76 O.75
or 0.23 0 .2k 0 .24  0.26 0.22
1 Mean 0-73 O.67 0.70  0.64 0.64
cr 0.21 0.22 0 .22  0.23 0.21
In c lu d in g  values correspond ing  to  end log  tanS d iv id in g poi n ts
1**1 / | b* I Mean 0.80 0-73 0.80 O.74 0.74
O' 0.25 0 .27 0.26  0.28 0.25
1* * 1/ I ®  1 Mean O.72 O.65 O.67  0 .62 0.62
or 0.23 0.25 0.25 0.25 0.23
Exc lud ing  values correspond ing  to  end log  tanG d iv id in g poi nts
K l Mean 2.3 2 .5 1.8 2.0 2.0
o - 0 .60 O.7 I 0 .54  O.65 0.60
N Mean 2.6 2.9 2 .1  2 .4 2 .4
o 0.66 0.82 0.64  O.79 O.74
In c lu d in g  va lues correspond ing  to  end log  ta n 6 d iv id in g poi nts
l 8 J Mean 2.1 2 .4 1 .6  1.8 1.8
a O.7O 0.81 0.60 O.72 0.69
|8 | Mean 2.4 2 .7 2 .0  2 .2 2 .2
o O.76 0.91 O.7 I 0.86 0.81
FOOTNOTES FOR TABLE XI
aThe |Aj&| parameter f o r  t h i s  ta b le  was c a lc u la te d  us ing  I .65 
ins tead  o f  1.5 to  c o r re c t  f o r  the presence o f  n e u t ra l  p a r t i c le s .
^The a c tu a l  four-momentum t r a n s fe r  fo r  th is  ta b le  was c a lc u la te d  
assuming the baryons s u rv iv e  the  c o l l i s i o n  w i th  masses equal to  the 
nucleon re s t  mass and w i th  transve rse  momenta equal to  0 .4  BeV/c.
CA11 numbers fo r  the a c tu a l  four-momentum t ra n s fe r  d is t r ib u t io n s  
have u n i ts  o f  BeV.
some average exper im enta l p ro p e r t ie s  o f  u l t r a - h ig h  energy in te ra c t io n s .  
Tabel XI g ives the c h a r a c te r is t i c s  o f  the d is t r ib u t i o n s  o f  |8^ | and |b | ,  
c a lc u la te d  as described in the preceeding s e c t io n ,  f o r  d iv id in g  p o in ts  
between ad jacen t c h a rg e d -p a r t ic le  log  tanB va lues . The e f f e c t  o f  
in c lu d in g  |8^| and |s|  values corresponding to  end log  tan0 d iv id in g  
p o in ts  is  shown and is  seen to  be s im i la r  to  the e f f e c t  on the |A^| 
d is t r ib u t io n s  o f  in c lu d in g  | a J  va lues correspond ing  to  end log tan 0 
d iv id in g  p o in ts  (Table X). F igure 31 demonstrates t y p ic a l  |8^| and 
|5 | d is t r i b u t i o n s ,  the values corresponding to  end log ta n0 d iv id in g  
p o in ts  being in d ic a te d  by the  dashed curve. For the  remainder o f  th is  
s e c t io n ,  the a c tu a l  four-momentum t r a n s fe r  d is t r ib u t i o n s  w i l l  inc lude  
va lues corresponding to  end log tah0 d iv id in g  p o in ts  because these 
va lues have p h y s ic a l  meaning in  Eq. (2) .
*
20The e f fe c t s  o f  v a r ia t io n  o f  the transve rse  momenta p and masses
*  n 
M* = aM o f  the r e c o i l  baryons on va r io u s  a c tu a l  four-momentum t ra n s fe r
20The exper im enta l re s u l ts  o f  Chong Oh Kim, Ph.D. th e s is ,
U n iv e rs i t y  o f Chicago, 1963 (Phys. Rev., to  be p u b l is h e d ) ,  in d ic a te  a
reasonable range f o r  pt  va lues to  be from 0 .0  to  1.0 BeV/c. Dr. Kim,
on the bas is  o f  a few O b s e rv a t io n s  in  in te ra c t io n s  in  the 103 BeV
energy range, found (p t  ) = 0.35 BeV/c.
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F igu re  31(a)
Typ ica l D is t r ib u t io n s  o f  | 6 ^ | f o r  Monte C a r lo  Samples us ing the
ft Vc
Is o t ro p ic -a n d  (1 /s in 0  )dfl| Angu la r D is t r ib u t io n s  
in  the Center-o f-M ass System
GPTI SPTS
r*»
S 2 0 0
CD
2
z>
z
100
n
4.0 
I (BEV)
2.04.0 
I*, I (BEV)
^ 0
ft
The | 6 . | va lues were c a lc u la te d  us ing  p^n = O.U BeV/c and M = M. 
S o l id  f i n e :  d i s t r i b u t i o n  e xc lu d ing  va lues corresponding to  end
log tan0 d iv id in g  p o in ts .  Dashed l in e :  d i s t r i b u t i o n  in c lu d in g
values correspond ing  to  end log ta n0 d iv id in g  j o i n t s .
F igure  31(b)
T yp ica l D is t r ib u t io n s  o f  | 6 | f o r  Monte C arlo  . Samples using 
Is o t r o p ic  and ( l / s i n 0  )d£J Angular D is t r ib u t io n s  in the 
Center-of-Mass System
SPTSGPTI
100
Q l r - U f  I I -> r Jr-> i i |______ L _ 1
0 2.0 4.0 0 2.0 4.0
18 | (BEV) |8 | (BEV)
The | 6 | va lues were c a lc u la te d  us ing p ^  = 0 .4  BeV/c and M = M. 
S o l id  l in e :  d i s t r i b u t i o n  e xc lud ing  values corresponding to  end
log tan0 d iv id in g  p o in ts .  Dashed l in e :  d i s t r i b u t i o n  in c lu d in g
values correspond ing  to  end log ta n 0 d iv id in g  p o in ts .
d is t r ib u t i o n s  are  demonstrated in  Table X I I .  Two Monte C arlo  models,
GPTI and SPTS, are  s u f f i c i e n t  to  show these e f f e c t s .
In a d d i t io n  to  |S^| and |6 | ,  the fo l lo w in g  momentum-transfer q u a n t i t ie s  
are inc luded f o r  completeness. The ' 18 11 d i s t r i b u t i o n  is  th a t  o f  the t ra n s ­
verse component o f  three-momentum t r a n s fe r ;  f o r  an in d iv id u a l  j e t ,  one 
has = | s | ^  -  The q u a n t i t y  | s | c,m* is  the a c tu a l  fo u r -
momentum t ra n s fe r  correspond ing  to  the d iv id in g  p o in t  be ing the n a tu ra l  
d iv is io n  between forward and backward d i r e c t io n s  in  the cen te r-o f-m ass 
system . ^  F in a l l y ,  |8 ' |  is  the four-momentum t r a n s fe r  to  the c o l l i d i n g  
nucleons in  the Monte C ar lo  models and is  de f ined  by the equation
Is'!2 = (pio - pi>a “ - pe)a • te)
The va lues o f  |& ' |  f o r  in c id e n t  and ta rg e t  nucleons a re  the  same in 
the Monte Carlo  models because be fo re  o r a f t e r  the c o l l i s i o n  the 
baryons have sym m etrica l p ro p e r t ie s .
The v a r ia t io n  o f  |5[ and | 5 | c,m* w i th  the s u rv iv in g  baryon mass is
s im i la r  to  th a t  o f  |5 ^ | ,  so o n ly  th a t  o f  |8 ^| is  g iven . As seen in
Table X I I ,  the means o f  the  |& ^ | ,  |&|> and | s | c *m’ d is t r ib u t i o n s  increase
and t h e i r  standard d e v ia t io n s  <7 decrease as p t  and OL = M /M increase, but
n
the e f f e c t  is  not a la rge  one. Table X II  a ls o  shows th a t  |5 | * * ,  f o r  
which the re  is symmetry between the two groups o f  produced p a r t i c le s  ( I . e . ,  
on the average the two groups have the  same p ro p e r t ie s  in  the c e n te r -o f -  
mass system), g ives  la rg e r  va lues o f  a c tu a l  four-momentum t r a n s fe r  than | s | ,  
f o r  which on the average the re  is  not t h is  symmetry. The four-momentum 
t r a n s fe r  between the two groups is  sm a lle r  f o r  the  sym m etrica l case 
than fo r  the nonsymmetrical case o n ly  f o r  j e t s  in  which the groups are
21 ^For the Monte C arlo  j e t s ,  pt  is  independent o f  0 , and the
exact Lorentz t ra n s fo rm a t io n  to  the la b o ra to ry  system o f te n  caused the
o rd e r in g  o f  the p a r t i c le s  by 0*  values to  be d i f f e r e n t  from the o rd e r in g
by log tan0 va lues . There fo re , the re  may not be a d iv id in g  p o in t  used
fo r  the c a lc u la t io n  o f  |5 | which corresponds to  th a t  used fo r  the
c a lc u la t io n  o f |& | c *m* .
TABLE X II
E ffe c ts  o f  V a r ia t io n  o f  the  Transverse Momenta and the
M a sse s -o f- th e -R e co il  Baryons on_Various A c tua l Four-Momentum
T ran s fe r D is t r ib u t io n s  o f the GPTI and SPTS Monte C arlo  Samples3
Quanti ty a. Pt n
=0.0
!
GPTI
0 .4 i - o  pt
1
=0.0
r»
SPTS
0 .4 1.0
Mean 2.1 2.1 2 .2 1.8 1.8 1.9
1.0
a O.7O O.7O 0.69 0.73 O.72 0.69
Mean 2 .2 2 .2 2 .2 1.9 1.9 1.9
K l 1-5AJ cr 0.68 0.68 O.67 0.69 0.69 0.67
Mean 2 .2 2 .2 2 .2 2 .0 2 .0 2.0
2 .0 ,
CT O.6 7 0.66 0.66 0.66 0.66 O.65
Mean 2.3 2 .4 2 .6 2 .2 2 .2 2 .4
N 1.0
cr O.7 7 0 .76 0.71 0.86 0.86 0.83
Mean O.85 . 0.93 1.28 1.05 1.11 1.41
5 t lt cr 0.53 0 .54 0.59 0.70 0.71 0.76
Mean 2 .7 2-7 2.9 2 .4 2 .4 2 .6
|s  | c ' m* 1.0
cr O.55 0.56 O.58 0.66 0.66 0.69
Mean 0.19 0.49 1.1 0 .52 O.77 1.5
| S ' | 1.0
cr 0 .22 0 .22 0.28 0.56 0.56 0.71
aA l l  d i s t r i b u t i o n s  in  t h is  ta b le  inc lu d e  va lues correspond ing  to  
end log tanQ d iv id in g  p o in ts  except the la s t  two d is t r ib u t i o n s ,  f o r  which 
o n ly  one four-momentum t r a n s fe r  per j e t  is  d e f in e d . A l l  numbers have 
u n i ts  o f  BeV.
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w e l l  separated on the log tan6 p lo t ;  t h i s  a p p l ie s  to  both |A^| and 
|5 | .
i j 2 2The |&t J d i s t r i b u t i o n  is  independent o f  M . The mean o f  the 
|5 t | d i s t r i b u t i o n  is  f a i r l y  s e n s i t iv e  to  pfc , as m ight be expected.
i i  *The dependence o f  |6 ' |  on p and M can be in fe r re d  from Eq.
n
(5 ) which, when eva lua ted  in  the cen te r-o f-m ass .sys tem , becomes
|»> I 2 -  -  M2 -  M* 2 -  a l p ^ E * 2 -  pt  2 -  M*2] 1 /2 - , (6 )
n
where p^Q and E^q are the .momentum and energy o f  the ta rg e t  nucleon
•>V
be fo re  the c o l l i s i o n  and E^ is  the energy o f  the ta rg e t  baryon a f t e r
the  c o l l i s i o n .  Table X II  and Eq. (6 ) in d ic a te  th a t  | 5 ' |  is  s e n s i t iv e
n *
to  the l a t t e r  is  due to  the dependence o f  E^ on the energy used in each
I I
to  pt  , M , and the Monte C arlo  model used. The s e n s i t i v i t y  o f  |6 ' |
j e t  f o r  p a r t i c l e  p ro d u c t io n .
F in a l l y ,  comparison o f  re s u l t s  in  Table X II  f o r  the i s o t r o p ic  and 
the ( l / s i n 0 )d f l  angu la r d is t r i b u t i o n s  in d ic a te s  th a t  p ro p e r ty  (a) o f
1 c • nn •| A j ,  g iven on p. 7 1> is also valid qua l i  t a t i v e l y  f o r  | S ^  | , |& | , and |8
However, p ro p e r ty  (b) o f  |A^| is  not v a l id  f o r  |S^| w i t h in  the framework
0 8o f  the Monte C arlo  models. P roperty  (b) s ta te d  th a t  02 n . In
22 1 ” *  1A parameter A t  f o r  e s t im a t in g  |St | is  g iven by S. Hayakawa in
Proceedinqs o f  the T r ie s te  Seminar on T h e o re t ic a l  Phys ics. J u ly - August, 
1962 (IAEA. Vienna, 19^3), p» a long w i th  a complete d iscu ss io n  o f  
four-momentum t r a n s fe r  and i t s  r e la t io n  to  the  f i r e b a l l  models. This 
parameter is  A t ^ n jn g < p t >^ where n j  and x\2 a re  the number o f  p a r t i c le s  
in  groups 1 and 2, re s p e c t iv e ly .  However, even n e g le c t in g  the  presence 
o f  n e u t ra l  p a r t i c le s ,  f o r  ns=10 t h i s  y ie ld s  a mean y^alue o f  A^ o f  
a pp rox im a te ly  1 .7  BeV, a _ d e f in i te  ove res t im a te  o f  |&^| (see Table X I I ) .  
This o v e re s t im a t io n  o f  |5 t |  is  due to  the f a c t  th a t  the d e r iv a t io n  o f  
the express ion  f o r  A ^  a p p a re n t ly  d id  not take in to  account the re q u i re ­
ment th a t  the transve rse  momenta o f  the p a r t i c le s  should be summed l i k e  
vec to rs  ins tead  o f  l i k e  sca la rs^
c o n t ra s t ,  |5^ | shows l i t t l e  dependence on ng. Because both charged 
and n e u t ra l  p a r t i c le s  were used to  c a lc u la te  t h is  d i f fe re n c e  is
e xp la ined  by the f a c t  th a t  the t o t a l  number o f  p a r t i c le s  was the same 
f o r  a l l  Monte C ar lo  j e t s .
Summary and Conclusions
In th is  ch ap te r,  the  exper im enta l and Monte C arlo  |A^| d is t r ib u t io n s  
were found to  agree in  th a t  they both g e n e ra l ly  in d ic a te  a momentum 
t r a n s fe r  la rg e r  than one nucleon mass. D e ta i le d  d i f fe re n c e s  between 
these two d is t r ib u t i o n s  were exp la ined  by a p p a re n t ly  m inor d i f fe re n c e s  
between p ro p e r t ie s  o f  exper im enta l and Monte C ar lo  j e t s  ( a l l  were m inor 
except f o r  the p o s s i b i l i t y  th a t  exper im enta l j e t s  have s tro n g e r  c o r r e la ­
t io n s  than Monte C arlo  j e t s ) .
The | A j  parameter underestimates the a c tu a l  four-momentum t r a n s fe r  
|5 | by a fa c to r  o f  about 0 .6±0 .2  (us ing  the r e s u l t  from the SPTS sample), 
the ±  l im i t s  d e f in in g  the approximate 68 ° / o  con fidence  in te r v a l  f o r  
s t a t i s t i c a l  f lu c tu a t io n s  o f  in d iv id u a l  measurements from 0 .6 . This 
r e s u l t  was found to  be f a i r l y  independent o f  whether o r not values 
correspond ing  to  end log tan0 d iv id in g  p o in ts  are inc luded .
F in a l l y ,  ra th e r  independently  o f  the masses and transve rse  momenta 
o f  the r e c o i l  baryons, the average a c tu a l  four-momentum t ra n s fe r  c h a ra c te r ­
iz in g  the Monte C arlo  models is  rough ly  2 BeV.
T he re fo re , in s o fa r  as the p ro p e r t ie s  o f  the Monte C arlo  models 
rep resen t the average p ro p e r t ie s  o f  experim enta l j e t s ,  sm all fo u r -  
momentum t r a n s fe r  between two groups o f  the produced p a r t i c le s  o f  the 
o rder o f  a jt-meson mass is  not a dominant mechanism by which j e t  
p roducing in te ra c t io n s  take p lace . This co nc lus ion  is  the same as th a t
23which is  drawn from the ICEF exper im enta l re s u l t s  by Fu jioka  e t  a l .  
Thus, one may conclude th a t  u l t r a - h ig h  energy in te ra c t io n s  represented 
by the Monte C arlo  models and by the ICEF j e t s  a re  a d i f f e r e n t  c lass  
o f  events from those discussed in  th e o re t ic a l  s tu d ie s  o f  v e ry -h ig h -  
energy " l in k e d - p e r ip h e r a l "  in te ra c t io n s ,  in  which the magnetude o f  the 
four-momentum t r a n s fe r  is  assumed to  be o f  the o rder o f  a it-meson mass.' 
That is ,  o f course, prov ided th a t  the method o f  the  |a J  parameter as • 
used by Fu jioka  e t  aj.. and the " l in k e d - p e r ip h e r a l "  models are im p ly ing  
s im i la r  in te rp re ta t io n s  fo r  the in te ra c t io n  and th e re fo re  should be 
co m p a re d .^
S im i la r  r e s u l ts  us ing  d i f f e r e n t  exper im enta l approaches from 
the |Aj(>| parameter were found by K. N iu, o£>. c i t . , us ing h is  "momentum 
o f  i n t e r a c t io n " ;  K. Imaeda and M. Kazuno, Nuovo Cimento 22, 119 (19^3), 
us ing  a ls o  a "m om entum -o f- in te ract io n "  parameter; and K. Kobayakawa, 
Suppl. Progr. Theoret. Phys. ( t o  be p u b l is h e d ) ,  us ing  a parameter 
proposed by h im s e lf  and K. Nishikawa.
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Examples o f " l in k e d - p e r ip h e r a l "  models are found in  Amati 
e t  aJL-, 0|J. c i t . , and F. Salzman, Phys. Rev. 131. 17^6 ( 1963)*
^ l n  t h i s  respec t, i t  would be in te r e s t in g  to  see the method o f  
the |A jj| parameter a p p l ie d  to  the phenomenological (Monte Carlo ) model 
f o r  p e r ip h e ra l  in te ra c t io n s  o f  0. Czyzewski and A. K rzyw ick i,  Nuovo 
Cimento 30, 603 ( 1963) and to  the two f i r e b a l l  Monte C arlo  j e t s  o f  S. 
A lp e r and E. M. F r ie d la n de r, Rev. Phys., Acad. Rep. P opu la ire  Roumaine
2 ,  311 ( 1962) .
CHAPTER V
CONCLUDING REMARKS
The model f o r  u l t r a - h ig h  energy in te ra c t io n s  considered in  th is  
work is  la rg e ly  e m p ir ic a l .  This c o n d i t io n  is  p a r t l y  the r e s u l t  o f  the 
d e s ire  to  have a r t i f i c i a l  showers w i th  c e r ta in  p ro p e r t ie s  in  general 
agreement w i th  some e xpe r im e n ta l ly -d e te rm in e d  p ro p e r t ie s  o f  j e t s  because, 
us ing  such a r t i f i c i a l  j e t s ,  a check on the v a l i d i t y  o f  va r io u s  a n a ly s is  
procedures commonly a p p l ie d  to  p h y s ic a l  j e t s  is  more m ean ing fu l. The 
a r t i f i c i a l  j e t s ,  because o f  t h e i r  e m p ir ic a l  q u a l i t y ,  have a ls o  proved 
u se fu l  as a te s t in g  ground fo r  new a n a ly s is  procedures and, what is  
more im po rta n t,  u se fu l  f o r  o b ta in in g  d is t r ib u t io n s  o f  va r io u s  p h y s ic a l  
q u a n t i t ie s  to  be expected fo r  j e t s  having some average experim enta l 
p ro p e r t ie s .  The model used here took  on i t s  e m p ir ic a l  form a ls o  because 
o f  the fo rm idab le  nature o f  the problem o f  gene ra t ing  f i n a l  s ta te s ,  w ith  
la rg e  numbers o f  p a r t i c le s  ( e .£ . , 16 ) ,  such as to  s a t i s f y  Lo ren tz -  
in v a r ia n t  phase space, which p re d ic ts  the momentum d i s t r i b u t i o n  on the 
bas is  o f  pure k inem atics  to  be g iven by the d i f f e r e n t i a l  e lement*
d3p*d3p* .  • • d3p*5 (£  p^Js (K*W* -  23E*)
E* E* • • • E* t l  2 N
This element is  a s l i g h t  m o d i f ic a t io n  o f  the usual form in  th a t  
i t  r e f le c t s  the p o in t  o f  v iew in  t h is  work o f  co n s id e r in g  o n ly  the produced 
p a r t i c le s ,  not in c lu d in g  the s u rv iv in g  c o l l i s i o n  p a r tn e rs ,  in  the energy- 
momentum conserva t ion .
2 3Monte C arlo  precedures have been a p p l ie d  , to  genera ting  j e t s  which
s a t i s f y  phase space p re d ic t io n s  a t  a c c e le ra to r  energ ies  (~ 1 0 ^  eV) f o r
f i n a l  s ta te s  w i th  less than about 7 p a r t i c le s  ( s u rv iv in g  c o l l i s i o n
p a r tn e rs ,  i f  any, are no t t re a te d  s e p a ra te ly ) .  However, w i th  16
p a r t i c le s ,  these procedures become p r o h ib i t i v e l y  i n e f f i c i e n t .
A group o f  a r t i f i c i a l  j e t s  d is t r ib u te d  in  phase space accord ing
to  pure k ine m a tic  p re d ic t io n s  would neverthe less  be o f  much va lue f o r
comparison w i th  experiment, and a step toward o b ta in in g  such j e t s  would
be to  m od ify  the s t a t i s t i c a l  model used in  t h is  work such as to  take
in to  account energy-momentum co nserva t ion  more g ra d u a l ly .
Momentum conserva tion  in  the presen t model is  handled by reducing
the problem to  a two-body event: the f i r s t  N - l p a r t i c le s  as one body
and the Nth p a r t i c l e  as the o th e r .  Momentum con se rva t io n  cou ld  be
in troduced  more g ra d u a l ly  by reducing the problem to  a th ree-body f i n a l
s ta te ,  approx im ate ly  as fo l lo w s .  Choose p ro p e r t ie s  o f  the f i r s t  N-2 
Ap a r t i c le s  from 0 and pt  d is t r ib u t io n s  as described in  Chapter I I .  P ick
the energy o f  the ( N - l ) t h  p a r t i c l e ,  whose mass is  m, randomly from
^  ^  ' 
the in t e r v a l  from m to  K W -  Z ^ ^ E . ,  where K is  a predeterm ined
i n e l a s t i c i t y  and denotes summation over the f i r s t  N-2 p a r t i c le s .
(Of course, the  event is  d iscarded i f  s  K W . )  The energy o f  the
"jUp *$c
Nth p a r t i c l e  is  then given by = K W -  2 ^ _ jE . .  Now, two p a r t i c le s  
d e v ia te  from the in p u t  d is t r ib u t io n s  whereas be fo re , one d id .  Check the
i i *ic
momenta I Z ^ ^ p .  | ,  and p^ to  see th a t  any one is  no t g re a te r
o
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than the a lg e b ra ic  sum o f  the o th e r  two. I f  t h i s  check is  s a t i s f i e d ,
momentum can be conserved, and an event has been s u c c e s s fu l ly  generated.
I f  t h i s  check is  no t s a t i s f i e d ,  the event must be re je c te d .  The re je c t io n
ra te  fo r  events generated using t h i s  method would p robab ly  be~hTghei------------
than th a t  due to  energy conserva t io n  a lone , described in  Chapter I I .
One advantage to  the procedure described  here is  th a t  i t  would a p p a re n t ly
g ive  more c o n t ro l  over the i n e l a s t i c i t y .
Energy co nserva t ion  may be in troduced  in to  a f i n a l  s ta te  more
g ra d u a l ly  as fo l lo w s .  For a g iven amount o f  a v a i la b le  energy and f o r .
*  *
a g iven pfc, the re  is  a minimum angle 0 o r  it -  0 , depending on whether
the p a r t i c l e  is  em it ted  fo rw ard  o r backward in  the  cen te r-o f-m ass
system, sm a lle r  than which a p a r t i c le  would n e c e s s a r i ly  cause energy
non-conserva t ion . T he re fo re , a f t e r  each p a r t i c l e  is  generated, check
the remaining a v a i la b le  energy, KW -  E  E ., and, a f t e r  choosing the
A
Pt  f o r  the next p a r t i c l e ,  r e s t r i c t  a c c o rd in g ly  the range o f  0 from which
•ft
to  choose 0 f o r  th a t  next p a r t i c le .  Th is  procedure would o b v io u s ly
*u»
m od ify  the in p u t 0 d i s t r i b u t i o n  somewhat, bu t d e ta i l s  o f  n e i th e r  the 
Pt  nor the 0 d is t r ib u t i o n s  are e x p e r im e n ta l ly  e s ta b l is h e d  w i th  g re a t 
c e r ta in t y .  (The ro le  o f  pt  and 0 in  t h i s  d iscu ss io n  is  in te rcha n g e a b le .)
These suggested changes do not so lve  the L o re n tz - in v a r ia n t  phase 
space problem; they are j u s t  two s teps , h o p e fu l ly  in  the r i g h t  d i r e c t io n ,  
in  a p o ss ib le  s e r ie s  o f  changes in  the m od if ie d  s t a t i s t i c a l  model used 
in t h is  work aimed a t  making the phase space d i s t r i b u t i o n  more k in e -  
mati c a l .
F in a l l y  the s t a t i s t i c a l  models d iscussed here, o f  course, do not
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exhaust a l l  p o s s ib i l i t i e s *  An example o f  a q u i te  d i f f e r e n t  approach is
L
the Monte C arlo  model o f  Maor and Y e k u t ie l i .
V  Maor and G. Y e k u t i e l i , Nuovo Cimento ,12, 45 ( i 960) .
APPENDIX A
EFFECT OF THE l 6 th  PARTICLE ON-CHARACTERISTICS 
OF THE DISTRIBUTIONS OF lo g [Y (0 ) / y ]
For a g iven Monte C arlo  j e t ,  Y(0) va lues are  c a lc u la te d  from the 
0 values o f  o n ly  the produced charged p a r t i c le s  o f  each j e t ,  and the y 
va lues u s u a l ly  depend on p ro p e r t ie s  o f  on ly  the produced charged 
p a r t i c le s .  Thus, i t  is  p o ss ib le  to  a s c e r ta in  the in f lu e n c e  o f  the 
16th p a r t i c le  o f  the Monte C arlo  j e t s  on the c h a r a c te r is t i c s  o f  a 
lo g [Y ( 0 ) / y ]  d i s t r i b u t i o n  by comparing fo r  a g iven sample o f  j e t s  the 
d i s t r i b u t i o n  obta ined fo r  those j e t s  f o r  which the l 6 th  p a r t i c l e  is  
charged (numbering about 120 in  a g iven sample) to  the d i s t r i b u t i o n  
ob ta ined fo r  those j e t s  f o r  which the l 6 th  p a r t i c l e  is  n e u t ra l  
(numbering about 80 in  a g iven sample). For the  former d i s t r i b u t i o n  
the Y(0) va lues , and in  the case o f  most parameters a ls o  the y va lues , 
w i l l  have been c a lc u la te d  in c lu d in g  the  q u a n t i t ie s  assoc ia ted  w i th  the 
l 6 th  p a r t i c le s .  However, f o r  the l a t t e r  d i s t r i b u t i o n ,  the Y(0) and 
y values w i l l  have been c a lc u la te d  e xc lu d in g  q u a n t i t ie s  assoc ia ted  
w i th  the l 6 th  p a r t i c le s .
Table X I I I  p resents the comparison described above. F i r s t ,  the 
re s u l t s  e xc lu d ing  the SPTS (ng = 10) sample are  d iscussed. Q u ite  
g e n e ra l ly ,  the <J va lues appear to  be ve ry  in s e n s i t iv e  to  the e f f e c t  o f  
the l 6 th  p a r t i c le .  The or va lue  o f  the log(E ^ E . ) d i s t r i b u t i o n  
appears to  be in f lue nce d  the most, but even in  t h is  case the fa c to r  
correspond ing  to  o  becomes la rg e r  by o n ly  about 20 ° / o  when the
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TABLE X I I I
E f fe c t  o f  the l 6 th  P a r t i c le  on C h a ra c te r is t ic s  o f  the  D is t r ib u t io n s  o f  lo g L Y (0 ) /y ]
Di s t r i b u t i o n
16th
P a r t i c le  GPTI 
Inc luded
Mean a
Sample 
SPTI GPTS
Mean cr Mean cr
SPTS 
Mean cr
SPTS 
(ns= 10) 
Mean cr
log (E c/E ) yes 0.16 0.20 0.23 0 .22 0.15 0.34 0.23 0.35 0 .22 O.32
no 0.18 0 .22 0.26 0 .22 0.20 . 0.38 0.26 O.36 O.3 2 O.36
1°9<Eeh/S chEi> yes - 0.05 0.16 -0 .0 4 0.20 - 0.08 0.21 - 0 .06 0.26 - 0 .06 0.22
no 0 .07 0.09 0.11 0.15 0.09 0.13 0 .12 0.19 0 .12 0.20
lo 9[ <Ec h ^ c ) /S chEi ^ ]yes -0 .1 4 0.11 - 0.16 0.14 - 0.18 0.16 - 0.21 0.18 -0 .1 8 0.15
no -0 .0 4 0.08 - 0.05 0 .12 - 0.06 0.15 -0 .0 8 0.18 - 0 .06 0 .17
log(1 .65Ech/ 2 n E .)  yes - 0 .02 0.18 - 0.01 0.21 - 0 .06 0.26 -0 .0 4 0.28 - 0 .02 0.25
no - 0 .06 0.15 -0 .0 4 0 .17 - 0 .12 0.30 - 0 .10 0.30 - 0 .02 0.28
l° g (E ch/E) yes - 1.03 0.17 -0 .9 9 0.18 -O.77 0.31 -O.74 0.31 -O.75 0.29
no -1 .0 9 0.14 - 1.05 0.14 -O.87 0.32 - 0.86 0.27 -O.77 0.29
lo g (E y E ) yes - 0 .06 0.30 - 0 .02 O.32 - 0 .16 0.43 - 0.11 0.45 - 0.13 0.41
no 0.14 0.30 0.20 O.32 0.18 0.47 0.25 0.47 0.18 0.45
1o g [(E ch/ Ec ) / KchM] yes - 0.21 0.14 - 0.26 0.16 -0 .2 3 0.25 - 0.28 0.24 ” 0.25 0.20
no -0 .1 4 0.10 - 0 .18 0.13 - 0.13 0.24 -0 .1 8 0.24 -0 .1 4 0.24
lo g [(1 .6 5 E ch/Ec ) /K M]yes - 0.18 0.16 -0 .2 4 0.16 - 0.21 0.28 -0 .2 7 0 .27 -0 .2 4 0.21
no -0 .2 4 0.16 -O .3O 0.16 -O.32 0.28 -0 .3 7 0.27 -0 .3 5 0.29
q u a n t i t ie s  assoc ia ted  w i th  the l 6 th  p a r t i c le s  are  used in  the c a lc u la t io n s .
There is  a s l i g h t  tendency f o r  the presence o f  the l 6 th  p a r t i c l e  to
decrease the va lue  o f  C f o r  the  log(E  /E ) and lo g (E ' /E )  d i s t r i b u t i o n s ,c c
whereas f o r  the re s t  o f  the  d is t r ib u t i o n s  the re  seems to  be a s l i g h t
tendency f o r  to  be increased.
The means o f  most o f  the d is t r ib u t i o n s  are a ls o  ra th e r  in s e n s i t iv e
to  the in f lu e n c e  o f  the 16th p a r t i c l e .  The mean o f  the log(E  /E )c
d i s t r i b u t i o n  is  the le a s t  s e n s i t iv e ,  the e f f e c t  shown in  the ta b le  being
comparable to  the s t a t i s t i c a l  u n c e r ta in ty  o f  the mean ob ta ined . Most o f
the fa c to rs  corresponding to  the  means d i f f e r  by o n ly  about 26 ° / o
in  t h is  comparison. However, the d i s t r i b u t i o n  o f  log (E * /E )  seems to  bec
ra th e r  s e n s i t iv e  to  the e f f e c t  o f  the l 6 th  p a r t i c l e ,  w i th  the fa c to r  
co rrespond ing  to  the mean o f  the  d i s t r i b u t i o n  changing by about a fa c to r  
o f  2 when the l 6 th  p a r t i c le  is  inc luded in  the  c a lc u la t io n s .  For 6 ou t 
o f  the 8 q u a n t i t ie s  whose d is t r ib u t i o n s  are  in v e s t ig a te d ,  the presence 
o f  the l 6 th  p a r t i c l e  tends to  b r in g  the mean o f  d i s t r i b u t i o n  c lo s e r  
to  ze ro , and fo r  5 o f  the q u a n t i t ie s ,  the presence o f  the l 6 th  p a r t i c l e
tends to  reduce the  mean.
Comparing re s u l ts  f o r  the SPTS sample w i th  those fo r  the  SPTS 
(ng = 10) sample g ives in s ig h t  as to  the e f fe c t s  o f  ng f lu c tu a t io n s .  
U sua lly  a O va lue  fo r  the  SPTS (ng = 10) sample is  sm a lle r  than the
correspond ing  or va lue  f o r  the SPTS sample. For the sample w i th  f ix e d
ng, the tendency f o r  the presence o f  the  l 6 th  p a r t i c l e  to  decrease 
or f o r  a g iven d i s t r i b u t i o n  is  more p re v a le n t  than fo r  the samples 
w i th  v a ry in g  ng.
U sua l ly  a mean va lue  fo r  the  SPTS (ng = 10) sample agrees w i t h in  
s t a t i s t i c a l  u n c e r ta in ty  w i th  the correspond ing  mean va lue  fo r  the SPTS 
sample. Exceptions to  t h i s  sta tem ent are  found in  the log (1 .65Ec |1/ Z ^ j j E j )
and log (Ec ji /E ) d is t r ib u t io n s  w i th  n e u t ra l  l 6th  p a r t i c le s  and are  p robab ly  
caused by the fa c t  th a t ,  f o r  the SPTS sample, <ng) f o r  events w ith  a 
n e u t ra l  l 6 th  p a r t i c le  is  9*5 w h i le ,  fo r  the SPTS (ng = 10) sample,
<ng) is  10. And s ince  E ^  depends ra th e r  s t ro n g ly  on ng on the average 
fo r  these j e t s ,  one o b ta in s  the observed e f f e c t .  The la s t  p o in t  worth  
m ention ing  is  th a t  ( log (E  /E ) )  w i th  n e u t ra l  l 6 th  p a r t i c l e  seems to  
increase s l i g h t l y  in  the absence o f  ng f lu c tu a t io n s .
APPENDIX B ________________ _ _________
EFFECT OF NEGLECTING TERMS RELATING TO COLLIDING 
PARTICLES ON THE |a J  PARAMETER
The e f f e c t  o f  n e g le c t in g  terms r e la t in g  to  the c o l l i d in g  p a r t i c le s  
in  the d e r iv a t io n  o f  Eq. (h) needs c l a r i f i c a t i o n .  I t  is  des ired  to  
know the c o n d it io n s  under which n e g le c t in g  these terms could cause 
| a J  to  be an ove res t im a te  o f  | s | .  There are  two cases to  cons ide r:
The s u rv iv in g  c o l l i s i o n  p a r tn e rs  ( l )  do not and (2) do appear in  the 
log ta n 6 p lo t .
In case ( l ) ,  omission o f  the terms r e la t in g  to  the  in c id e n t  p a r t i c le  
always causes |A^| to  be an underestim ate  o f  | s | .  The same is  t ru e  fo r .  
om ission o f the ta rg e t  p a r t i c l e  terms i f  the  r e c o i l  ta rg e t  p a r t i c le  is  
e m it te d  fo rw ard  in  the la b o ra to ry  system (j_»e., i f  0^ < 90° ,  where 
0^ is  the r e c o i1 - t a r g e t - p a r t i c le  em ission a n g le ) .  However, i f  the r e c o i l  
ta rg e t  p a r t i c l e  is  e m it ted  backward in  the la b o ra to ry  system (6g > 90° ) ,  
om ission o f the t a r g e t - p a r t i c l e  terms a llo w s  |A^| to  be an underestim ate
o f  |5 | o n ly  i f  (E -  M )|tan0  | > p , where M is  the t a r g e t - p a r t i c l e
2
re s t  mass, and E and p are  the energy and transve rse  momentum o f  the
2
r e c o i l  ta rg e t  p a r t i c le .
In case (2 ) ,  omission o f  the terms r e la t in g  to  the in c id e n t  p a r t i c le
always causes |A^| to  be an underestim ate  o f  | 5 | , and n e g le c t in g  the
terms r e la t in g  to  the ta rg e t  p a r t i c le  a llow s  | A j  to  be an underestim ate
o f  |& | o n ly  i f  (E -  M) tan0 >  p . These statements p e r ta in in g  to  case
2
(2) ap p ly  whenever the log tan0 va lue  o f  the r e c o i l  in c id e n t  p a r t i c l e
\0k
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is  in  group 1 and the log tan0 va lue  f o r  the  r e c o i l  ta rg e t  p a r t i c l e  is  
in  group 2. I f  f o r  some d iv id in g  p o in t  the log tan0 va lue  o f  the r e c o i l  
in c id e n t  ( ta rg e t )  p a r t i c l e  f a l l s  in  group 2 (group 1) ,  no simple
sta tem ent as” to  when |A^"| i s ,  o r  is  n o t,  an underestim ate  o f  |^r| rs
p o s s ib le .  I f  the log tan0 va lues f o r  charged s u rv iv in g  c o l l i s i o n  
p a r tn e rs  occur on the ends o f  the  log  tan0 p lo t ,  then the log ta n0 
va lue  o f  the r e c o i l  in c id e n t  ( ta rg e t )  p a r t i c le  is  in  group 1 (group 2 ) 
f o r  a l l  d iv id in g  p o in ts ,  and the opening s ta tement o f  th is  paragraph pe r­
t a in in g  to  case (2) is  v a l id  f o r  a l l  d iv id in g  p o in ts .
The e f fe c t s  due to  om ission o f  terms r e la t in g  to  the c o l l i s i o n
p a r tn e rs  have the most in f lu e n c e  on how w e l l  |A^| is  an e s t im a te  o f
|5 | f o r  end log tan0 d iv id in g  p o in ts ,  and th is  is  one reason th a t  
lAi  I va lues correspond ing  to  end log tan0 d iv id in g  p o in ts  were not 
considered in  the a n a ly s is  o f  Fu jioka  e t  a l .  However, one can see from 
Table XI th a t  the va lues correspond ing  to  end log tan0 d iv id in g  p o in ts  
can be inc luded in  an a n a ly s is  w ith o u t  s e r io u s ly  a f fe c t in g  |A^| as 
a measure o f  |5^ | and |& | .  [The Monte C arlo  j e t s  correspond to  case 
( l )  because the s u rv iv in g  baryons were not considered among the p ro ­
duced p a r t i c le s  f o r  the Monte C arlo  m ode ls .] A lso  apparent from Table 
XI is  th a t  the  e f fe c t s  o f  approx im ations tend ing  to  reduce the magnitude 
o f  |A^| dominate, so th a t  on the  average |A^| is  an underestim ate  o f  
| 5 j  and |6 | .
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